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Summary. The dominant source of variance in line transect sampling is usually the encounter rate variance. Systematic
survey designs are often used to reduce the true variability among different realizations of the design, but estimating the
variance is difficult and estimators typically approximate the variance by treating the design as a simple random sample of
lines. We explore the properties of different encounter rate variance estimators under random and systematic designs. We show
that a design-based variance estimator improves upon the model-based estimator of Buckland et al. (2001, Introduction to
Distance Sampling. Oxford: Oxford University Press, p. 79) when transects are positioned at random. However, if populations
exhibit strong spatial trends, both estimators can have substantial positive bias under systematic designs. We show that
poststratification is effective in reducing this bias.
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1. Introduction
Distance sampling (Buckland et al., 2001, 2004) encompasses
several related methods for estimating the population size
of objects, usually animals or plants. The two most widely
used methods are line transect sampling and point transect
sampling. In conventional distance sampling, we assume that
objects directly on the line or point are detected with cer-
tainty, and that detection probability decreases smoothly as
distance increases. We use the data to estimate both the av-
erage detection probability and the encounter rate, which
is the expected number of objects detected per unit effort.
The estimated density of objects in the region is found by
the estimated encounter rate divided by the estimated de-
tection probability, scaled appropriately by region areas. Plot
sampling is a special case of distance sampling, with perfect
detection.

In this article, we focus on variance estimation. Especially
in line transect sampling, the variance of the encounter rate
estimator dominates the overall variance of object density,
and it is also the more difficult component to estimate. The
variance estimator in common use for line transect sampling
(Buckland et al., 2001, eqn 3.78) is known to perform well in
most circumstances; however, it was questioned by Barry and
Welsh (2001) and its robustness has not been fully evaluated
in extreme circumstances. Here, we provide a comprehensive

evaluation of estimators for encounter rate variance. We es-
tablish frameworks in which estimators may be derived, and
evaluate their robustness under biologically relevant scenar-
ios. There are thousands of registered users of distance sam-
pling software (Thomas et al., 2006), so it is important to find
estimators that have good performance even in very extreme
situations. We generate these through simulation.

We also tackle the problem of variance estimation for sys-
tematic designs in distance sampling. When encounter rate
variance is evaluated among different realizations of the de-
sign, systematic sampling designs usually provide lower vari-
ance than designs with randomly placed lines or points. This
is especially true when there are strong spatial trends in ob-
ject density, in a direction such that different lines can have
markedly different encounter rates, because systematic de-
signs guard against several lines falling by chance into either
a high- or low-density area. Systematic designs are also fa-
vored by biologists for ease of implementation in the field.
However, a single realization of a systematic design strictly
gives no replication at the whole sample level, and variance
estimation in this case is well known to be difficult (Wolter,
1985). Traditionally, variance for systematic designs is esti-
mated using estimators intended for random designs, and the
benefit from the lower variance is lost to some extent at the
estimation stage.
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We investigate ways of improving variance estimation in the
systematic case. Following Wolter (1984, 1985), we group ad-
jacent lines or points from the systematic sample into strata
and use stratified variances. Wolter’s estimators are not di-
rectly applicable to line transect sampling when transect lines
have different lengths, so we derive the necessary modifica-
tions and explore the performance of the poststratification
scheme.

We compare the performance of estimators under random
and systematic designs through a simulation study. The meth-
ods for systematic designs are illustrated by a marine line
transect survey in British Columbia (Williams and Thomas,
2007). The survey aimed to estimate density of several species
of marine mammals, and additionally of detrimental float-
ing plastic garbage. For this article, we use the most highly
trended (Dall’s porpoise, Phocoenoides dalli) and the least-
trended (floating plastic garbage) of the results to show how
the encounter rate variance estimators perform in these dif-
ferent circumstances.

2. Line Transect Sampling and Encounter
Rate Variance

For brevity, we outline line transect sampling in its simplest
form. Many extensions to the basic model exist (Buckland
et al., 2001). The survey consists of k lines from which objects
are detected in a search strip of width 2w centered on the line.
There are ni detected objects on line i, which has length li.
The total number of detections is n =

∑k

i=1ni, and the total

line length is L =
∑k

i=1li. The observed encounter rate is n/L.
For each detection, the distance from the centerline is

recorded. The average probability that an object is detected,
P a, is estimated by maximizing the conditional likelihood of
the detection distances given n, using a model for the fall-off
of detection probability with distance. The surveyed area is
2wL. Object density in the region is estimated as

D̂ =
n

P̂a

× 1

2wL
=

1

2w
× n

L
× 1

P̂a

(Buckland et al., 2001). Overall density variance is estimated
using the delta method:

{cv(D̂)}2 =
{

cv
(
n

L

)}2
+

{
cv

(
1

P̂a

)}2

. (1)

Standard likelihood theory can be used to estimate var(P̂a),
because P̂a was obtained from a conditional likelihood. In this
article, we are interested in the encounter rate component of
the variance, var(n/L), which typically accounts for 70–80%
of the total variance. We do not treat L as a constant, because
in an irregularly shaped region it will vary for different real-
izations of the design. A full likelihood involving n/L is not
usually formed, because inference under an assumed proba-
bility distribution for n/L is unlikely to be robust to biologi-
cal realities of inhomogeneous populations. Instead, variance
estimators for n/L are based on the empirical variability in
line-based encounter rates, ni/li.

The difficulty in estimating var(n/L) lies in the fact that
n/L is a ratio of means (n̄/l̄). Variance estimation would
be straightforward for a sample mean of the line-wise ob-
servations, k−1

∑k

i=1ni/li, using the sample variance. How-

ever, the sample mean k−1
∑k

i=1ni/li is not recommended as
an encounter rate estimator because of its sensitivity to ob-
servations on short lines. The ratio estimator n/L is consid-
ered a robust general-purpose estimator with good precision
(Thompson, 2002, p. 68–70, 84–85).

To study encounter rate variance, we must define the con-
ceptual population over which the variance arises. This is a
matter of choice, but the biological setting suggests we use
a variance over repeated surveys in the following sense. The
total number of objects in the region, N, remains fixed among
replicate surveys. Objects are able to move around among
surveys, so their positions are considered to be drawn from
a fixed spatial probability density, which is unknown. Every
survey follows a specified design: for example, to locate a fixed
number k of lines with north–south orientation and random
east–west coordinate. A single survey therefore involves selec-
tion of k lines whose lengths l1, . . . , lk are random, unless the
region is a perfect rectangle. After locating the lines, there is a
detection process that determines the line-wise observations
n1, . . . ,nk and hence the encounter rate n/L. The variance
that we aim to estimate, var(n/L), encompasses all steps from
the positions of the objects to the individual detections.

In general, variance estimators may be derived in either the
design- or the model-based framework (Thompson, 2002). In
the design framework, object positions are considered fixed
and estimator expectations and variances are calculated with
respect to the randomness in line placement. In the model
framework, the data n1, . . . ,nk are considered to be drawn
from a family of random variables with specified distributional
properties, and l1, . . . , lk are treated as predictor variables.
Expectations and variances are calculated with respect to the
probability distributions specified. The encounter rate vari-
ance estimator in common use (Buckland et al., 2001, p. 79)
is model derived.

Neither of these frameworks gives an exact representation
of the repeated survey variance of n/L defined above, unless
we assume a model for the spatial probability density function
(p.d.f.) of object positions. Instead, we aim to derive estima-
tors that will have good performance in the repeated survey
framework for any spatial p.d.f. of object positions and any
irregular shape of region. The main component in var(n/L)
arises from the line locations, so it is a design-based compo-
nent. We therefore expect design-derived estimators to have
good properties. However, we also investigate model-derived
estimators, because a sufficiently robust model might yield an
estimator with better precision.

Despite being derived in a specific framework, an estima-
tor is merely a function of the data, and may be applied in
any framework desired. However, a single framework for infer-
ence is needed, in which the estimator properties (bias, pre-
cision, and confidence interval coverage) are to be assessed.
In this article, the inferential framework is the repeated sur-
vey framework, and we assess estimators by simulation us-
ing a wide range of spatial p.d.f.s for object positions. The
derivation frameworks are broadly design or model based,
so we describe estimators as “design derived” or “model de-
rived.” Because we assess estimators in a framework different
from their derivation framework, our results must be inter-
preted as an evaluation of estimator robustness rather than
validity.
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The sampling distribution of n/L outlined above is infinite,
because the object positions, line locations, and detection pro-
cess all have infinite sampling distributions. We do not use
finite population corrections with the estimators, even if the
design specifies that the sampling fraction 2wL/A is likely
to be large, because object movements and the detection pro-
cess would ensure nonzero repeated survey variance even with
sampling fraction 1.

3. Variance Estimators for Random Designs
3.1 Design-Derived Estimators for Random Designs
We first consider line transect sampling with random line
placement. The design comprises k lines with fixed orienta-
tion. For convenience, we orient the region so that the lines are
vertical. Their horizontal positions are selected uniformly and
independently across the full width of the survey region. To
derive estimators in the design framework, we assume that ob-
ject positions are fixed. Expectations and variances are taken
over the processes of line placement and detection. This en-
sures that the observations n1, . . . ,nk and l1, . . . , lk each form
a random sample with respect to the design, providing the
replication necessary to estimate variance. The challenge is
to express n/L in terms of some replicated quantity.

If individual line lengths, li, are equal for all possible lines,
then total line length L is constant with respect to the sam-
pling design. In this case, var(n/L) = var(n)/L2, so we can
use the replicates n1, . . . ,nk to give

v̂arR1

(
n

L

)
=

1

L2 v̂ar(kn̄) =
k

L2(k − 1)

k∑
i=1

(ni − n̄)2, (2)

where n̄ = n/k. The notation v̂arR1 emphasizes the context of
random line placement.

If the region is rectangular, v̂arR1 is design unbiased.
However, if L is random with respect to the design, then
var(n/L) �= var(n)/L2, so v̂arR1 can be badly biased. Barry
and Welsh (2001) recommend using v̂ar(n) = L2v̂arR1, but do
not treat the problem of estimating var(n/L).

For unequal line lengths, Thompson (2002, p. 74–75) gives
a design-based derivation of a variance estimator for n/L.
Let E(n̄) = µ and E(l̄) = λ, where l̄ = L/k and expectations
are taken over the line placement and detection processes.
Let ρ be the ratio ρ = µ/λ. A first-order Taylor expansion
of n/L about ρ shows that var(n/L) � (k/L2) var(ni − ρli).
The random variables (ni − ρli)(i = 1, . . . , k) are a random
sample with respect to the design, each with design-based
mean zero because E(ni) = µ and E(li) = λ for all i. The
estimated sample variance of these replicates forms a design-
derived variance estimate:

v̂arR2

(
n

L

)
=

k

L2 × 1

k − 1

k∑
i=1

(ni − ρ̂li)
2

=
k

L2(k − 1)

k∑
i=1

l2i

(
ni

li
− n

L

)2
. (3)

Because n/L is not exactly design unbiased for ρ, v̂arR2

strictly estimates the mean squared error of n/L as an esti-
mate of ρ, rather than the variance of n/L. The mean squared
error is the variance plus the square of the bias. The bias

is small, especially for large k (Thompson, 2002, p. 68), but
v̂arR2 is not exactly unbiased for var(n/L) in the design frame-
work. Equation (3) is the adjusted estimator of Thompson
(2002, p. 70).

3.2 Model-Derived Estimators for Random Designs
In the model framework, we propose a model for the distri-
bution of the observations, and derive estimators based on
the model chosen. Expectations and variances are calculated
with respect to the model, conditioned on fixed predictor vari-
ates l1, . . . , lk. We consider two models, derived from two spa-
tial point processes for the objects in the survey area. These
models constitute a true contagion process and an apparent
contagion.

3.2.1 Model arising from a true contagion process. Consider
the following family of distributions for n1, . . . ,nk conditional
on l1, . . . , lk:

E(ni) = βli; var(ni) = σ2li; n1, . . . , nk uncorrelated. (4)

Here, the variance of ni is proportional to its mean. This
can be viewed as a Poisson-like model with overdispersion,
yielding the homogeneous Poisson process when σ2 = β. The
same model also arises from a true contagion, formed from
a Poisson process generalized by the logarithmic distribu-
tion (Cliff and Ord, 1981, p. 88). In this type of contagion,
detected objects occur in clusters distributed as a homoge-
neous Poisson process, with the number of detected objects
per cluster given by a logarithmic distribution. If the num-
ber of clusters along line i is Poisson(ξli), and the number
of detected objects per cluster is Logarithmic(ω), then the
number of detected objects ni has the negative binomial dis-
tribution, with mean βli = ξωli/{−(1 − ω) log(1 − ω)}, and
variance σ2li = ξωli/{−(1 − ω)2 log(1 − ω)}.

The true contagion model produces super-Poisson variabil-
ity in detected objects, but it does not accommodate large-
scale trends in object density across the region.

The distance sampling encounter rate estimator is β̂ = n/L.
Under model (4), and given fixed l1, . . . , lk, we have var(β̂) =
var(n/L) = var(n)/L2 = σ2/L. By (4), the random variables
(ni − βli)/

√
li are uncorrelated, each with mean 0 and vari-

ance σ2, so they form replicates for estimating σ2. This sug-
gests the following estimator for var(n/L):

v̂arR3

(
n

L

)
=

σ̂2

L
=

1

L(k − 1)

k∑
i=1

(
ni − β̂li√

li

)2

=
1

L(k − 1)

k∑
i=1

li

(
ni

li
− n

L

)2
. (5)

Estimator v̂arR3 is model-unbiased under model (4). This can
be verified by expansion, or gained from a general formula
(Thompson, 2002, p. 81) which exploits the fact that β̂ = n/L
is the best linear unbiased estimator (BLUE) of β under model
(4). The model-derived v̂arR3 is the estimator for var(n/L) in
common use for line transect sampling, in Buckland et al.
(2001, p. 79) and software Distance 5 (Thomas et al., 2006).
It is related to the design-derived estimator v̂arR2 by replacing
l2i by li × l̄ in the summation of (3).

When model (4) holds, all lines make approximately equal
contributions to the variance v̂arR3, regardless of length. The
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design-derived v̂arR2, by contrast, allots greater weight to
longer lines. This is because the design-derived estimator is
not given the information that E(ni) is proportional to li: in-
stead, it considers long lines to have sampled a greater part
of the region and therefore to provide more information than
short lines.

3.2.2 Model arising from an apparent contagion process. An
apparent contagion process is a compound Poisson process,
in which the rate of the Poisson process is itself a random
variable (Cliff and Ord, 1981). The process is called an appar-
ent contagion because the varying rate of the Poisson process
gives the impression of clustering across the region, although
the process does not genuinely incorporate a clustering mech-
anism. The apparent contagion has not been considered before
for variance estimation in the line transect context, but it is
more appealing than the true contagion because it includes
scenarios where there are large-scale trends in object density.

A popular apparent contagion is the Poisson–Gamma
model, which generates a negative binomial distribution for
the counts n1, . . . ,nk. Specifically, let the Poisson rate in a
search strip be proportional to ω ∼ Gamma(τ)/τ for some τ ,
where Gamma(τ) denotes a Gamma distribution with shape
parameter τ and scale parameter 1. Let ni |ω ∼ Poisson(ωβli).
This gives the following model, conditional on l1, . . . , lk:

E(ni) = βli; var(ni) = βli + γl2i ; n1, . . . , nk uncorrelated;

(6)

where γ = β2/τ . The distribution of ni is negative binomial,
with parameters as in (6).

There is an unlimited number of model-unbiased estimators
for var(n/L) under model (6), but no established method for
deriving an estimator with good properties. The BLUE-based
formula of Thompson (2002) does not apply because the line
transect encounter rate estimator n/L is not the BLUE for
model (6). The true variance under model (6) is var(n/L) =

β/L + γS/L2, where S =
∑k

i=1l
2
i . Unlike model (4), there is

no replicated quantity with common variance equal to a sim-
ple multiple of β/L + γS/L2, so we must seek an alternative
way to proceed.

We suggest the following procedure for deriving a model-
unbiased variance estimator for model (6), that may also be
suitable for other models. By exploiting the known formula-
tions for v̂arR2 and v̂arR3, and to enable ready comparisons
among estimators, we suggest an estimator of the form

v̂arR4

(
n

L

)
= α

k∑
i=1

lφi

(
ni

li
− n

L

)2
, (7)

for values (φ, α) to be found. Expanding (7), taking model
expectations and comparing coefficients with the expression
var(n/L) = β/L + γS/L2, gives the following exact expression
for α and approximate expression for φ:

α =

{
k∑

i=1

lφi

(
L

li
− 1

)}−1

, (8)

φ � 2 +

{
2(S2 − LC)

LSD1 − 2SD2 + 2LD3 − L2D2

}
, (9)

where L =
∑k

i=1li, S =
∑k

i=1l
2
i , C =

∑k

i=1l
3
i , and Dq =∑k

i=1l
q
i log(li) for q = 1, 2, 3. These expressions are derived

in Web Appendix A. Interestingly, it transpires that φ � 2 +
2/k for large k, for any line lengths l1, . . . , lk with small or
moderate coefficient of variation (R. M. Fewster and P. E.
Jupp, unpublished results).

Estimator v̂arR4 in (7) weights individual line contributions
according to lφi , where φ tends to be only slightly greater than
2 for samples of reasonable size (e.g., k > 10). We may there-
fore expect v̂arR4 to be similar in performance to the design-
derived estimator v̂arR2, although not identical because φ >
2 and the scaling constants are different. It is interesting that
line weightings from the Poisson–Gamma model are similar
to those from the distribution-free design-derived estimator.

When all line lengths are the same, expression (9) fails and
should be replaced by the limiting φ = (2 − 2/k)(1 − 2/k)−1.
The other estimators v̂arR2 and v̂arR3 automatically reduce
to v̂arR1 in this case, which happens only when the region is
a perfect rectangle.

4. Line Transects with Systematic Line Placement
When there is a trend in object density through the survey
region, systematic designs usually provide better precision for
encounter rate than random designs. However, this advantage
is not exploited if the variance estimator is based on the as-
sumption that the lines form a random sample. Variance is
likely to be overestimated. A single sample from a systematic
design strictly provides no replication, so it is not possible
to gain a design-unbiased estimator of variance from a single
systematic sample (Wolter, 1985, p. 248), although there do
exist various ways of improving on estimators intended for
random designs. In the model framework, it would be possi-
ble to model the density gradient explicitly (Buckland et al.,
2001, p. 233), but reliable variance estimation for spatial dis-
tance sampling models is nontrivial (Hedley and Buckland,
2004).

For distance sampling, we wish to provide estimators with
good properties in the repeated survey framework, in which
the primary variance component is due to the design. We
therefore focus on a design-assisted approach to improving
variance estimation in the systematic case. In finite sampling
theory, a poststratification scheme has been considered the
most general effective approach to estimating the systematic
variance (Wolter, 1984, 1985, p. 250; Thompson, 2002, p. 135).
Each poststratum comprises a pair of adjacent sampled units
from the systematic design, and a variance estimator based
on a stratified design is used. This is considered to be a clear
improvement over an estimator based on a random design,
because much of the spatial correlation among units in the
systematic design would also be captured by the notional
stratified design.

Poststratification schemes have previously been used for
line transect surveys by Simmonds and Fryer (1996) and
Kingsley (2000), but without the problem of differing line
lengths. We now derive new estimators to extend the post-
stratification approach to deal with differing line lengths.

4.1 Poststratification Scheme with Nonoverlapping Strata
Recall the definitions for any design that E(n̄) = µ,E(l̄) = λ,
and ρ = µ/λ. In the design framework, expectations are taken
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over the line placement and detection processes. The design-
derived v̂arR2 depends on the following expression (Thomp-
son, 2002, p. 74):

var
(
n

L

)
� 1

L2

k∑
i=1

var(ni − ρli). (10)

This expression holds for both random and systematic sam-
ples of lines, but the design-based variances var(ni − ρli) differ
between the random and systematic scenarios.

To estimate (10) using the poststratification technique,
we make the approximation that the individual variables
(ni − ρli) have constant design-based variance within each
stratum. This would be correct for a stratified design, in which
the lines are drawn randomly and independently from within
each stratum; however, it is an approximation in the system-
atic case because the lines have fixed spacing. If we label the
strata h = 1, . . . ,H, and let stratum h contain kh lines, then
(10) implies that

var
(
n

L

)
� 1

L2

H∑
h=1

khvarh(nhj − ρlhj), (11)

where nhj and lhj denote single random variables ni and li
drawn from within stratum h. Using the direct sample vari-
ance estimate of varh(nhj − ρlhj) for each stratum, and re-
placing ρ by the overall value n/L (combined across strata),
we obtain:

v̂arS1

(
n

L

)
=

1

L2

H∑
h=1

kh

kh − 1

kh∑
j=1

{
(nhj − n̄h)− n

L
(lhj − l̄h)

}2
,

(12)

where observations in stratum h are labeled nh1, . . . , nhkh
and

lh1, . . . , lhkh
, with within-stratum means n̄h and l̄h. The no-

tation v̂arS1 denotes the first of our stratified estimators.
An alternative estimator for the stratified case is to pool

the stratum-specific variance estimates in a heuristic manner,
weighting by the total line length per stratum:

v̂arS2

(
n

L

)
=

1

L2

H∑
h=1

L2
hv̂arh

(
nh

Lh

)
, (13)

where nh = khn̄h and Lh = kh l̄h are the stratum-specific to-
tals, and v̂arh denotes a within-stratum variance estimate,
obtained for example using v̂arR2 on the kh lines in stratum
h. Estimator v̂arS2 is the line transect analogue of Wolter’s
estimator v3 (Wolter, 1984, 1985, p. 250). If line lengths
L1, . . . ,LH and L were constant with respect to the design,
it would be a standard stratified variance. In practice, this is
not the case, so we investigate (13) further to understand its
behavior under the notional stratified design.

Let ρh be the stratum-specific ratio ρh = E(n̄h)/E(l̄h) =
E(nhj)/E(lhj), where the expectations apply to the kh lines
notionally drawn randomly and independently within post-
stratum h. Beginning from (11), some algebra gives:

var
(
n

L

)
� 1

L2

H∑
h=1

khvarh(nhj − ρlhj)

=
1

L2

H∑
h=1

khvarh(nhj − ρhlhj)

+
2

L2

H∑
h=1

kh(ρh − ρ)covh

{
nhj−

(
ρh + ρ

2

)
lhj , lhj

}

� 1

L2

H∑
h=1

L2
hvarh

(
nh

Lh

)

+
2

L2

H∑
h=1

kh(ρh − ρ)covh

{
nhj−

(
ρh + ρ

2

)
lhj ,lhj

}
,

(14)

where the last line is obtained by applying (10) within each
stratum individually. This shows that the stratum weights L2

h

in (13) are appropriate weights to use, and that v̂arS2 should
have good properties as long as the covariance term within
each stratum is small. Large trends across different strata,
summarized by (ρh − ρ), will have a minor impact as long
as the within-stratum effects, cov{nhj − (ρh + ρ)lhj/2, lhj},
are small. If the region is smoothly shaped, strata might be
small enough for lhj to be approximately constant within the
stratum, and the covariance term will vanish. Alternatively,
if within-stratum trends are negligible, then E(nhj | lhj) =
ρhlhj for each stratum and the covariance term becomes∑H

h=1 kh(ρh − ρ)2varh(lhj)/L
2, which is minor if varh(lhj )/L

2

is small.
To implement estimators v̂arS1 and v̂arS2, strata should be

made as small as possible. If the total number of lines k is even,
each stratum may contain just two neighboring lines from the
sample (kh = 2). If k is odd, one stratum may contain three
lines (kh = 3).

The stratification approach is effective for systematic de-
signs because the stratified design captures much of the spa-
tial structure of the systematic design. However, there are
several approximations when using v̂arS1 and v̂arS2 for sys-
tematic designs, which we now examine.

Firstly, equation (10) is a mean-squared error based on
a first-order Taylor expansion. Especially when applied with
only kh = 2 in (14), it is only approximate for var(nh/Lh).

Secondly, systematic designs are not equivalent to stratified
designs. Often, data drawn from systematic designs have lower
variance than those from stratified designs (Cochran, 1946),
and we expect this will usually be the case in line transect
sampling. This means that var(n/L) under the systematic
design is lower than the stratified variance by which we are
approximating it. The reverse effect can also occur if there
are strong trends.

Thirdly, whereas systematic samples might have lower vari-
ance than stratified samples, variance estimates from sys-
tematic samples often tend to be higher on average than
those from stratified samples. This leads to positive bias when
the stratified variances varh(nhj − ρlhj) and varh(nh/Lh) in
v̂arS1 and v̂arS2 are constructed from systematic data. This
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is because the systematic sample always establishes a fixed
spacing between the two or three lines within each stratum,
so the lowest-variance samples with lines very close to one
another that would occur in the genuine stratified design are
excluded from the systematic design.

Finally, equation (14) indicates that v̂arS2 may perform
poorly when there are strong trends in object density within
the individual strata. Our investigations suggest that the ef-
fect is not noticeable until trends become extreme.

In view of these effects, some of which act in opposite di-
rections, it is difficult to predict the magnitude or direction
of bias in v̂arS1 and v̂arS2. However, we expect these estima-
tors to bring substantial improvements over v̂arR1 to v̂arR4 for
highly trended systematic samples. The disadvantage is that
the poststratification scheme reduces the degrees of freedom
(d.f.) associated with the encounter rate variance by almost
half. This lowers precision of the variance estimator and is
problematic for designs with few lines. Confidence intervals
based on the Student’s t-distribution may be widened due to
the decreased d.f., despite the variance estimate itself being
reduced by the poststratification scheme. Alternative methods
that use overlapping strata to preserve the d.f. are examined
next.

4.2 Poststratification Scheme with Overlapping Strata
Overlapping strata can be used for most systematic designs
of parallel or zigzag lines, as long as the lines (or significant
subsets of them) have a natural ordering. The first stratum
contains lines 1 and 2, the second lines 2 and 3, and so on,
yielding k − 1 estimates of variance. The k − 1 estimates are
pooled to give an estimated variance, with exact d.f. unknown
but assumed to be approximately k − 1. This contrasts with
�(k + 1)/2 d.f. for the nonoverlapping method. In general,

we assume d.f. =
∑H

h=1(kh − 1).
For overlapping strata we must modify the derivations of

v̂arS1 and v̂arS2, because the step from (10) to (11) fails when
a single line can fall into two different strata. Instead, consider
that we have k − 1 strata, each with a stratum-specific esti-
mate of varh(nhj − ρlhj) and of varh(nh/Lh). We consider that
each stratum contributes one line to the sum in (10), without
specifying which line it is. An equivalent sum to (10) is gained
in the overlapping case by adding the k − 1 stratum-specific
variances, to account for k − 1 of the k lines, and multiplying
by the factor k/(k − 1) to boost the result to k lines.

As all strata now have kh = 2 and stratum h is known to
contain lines h and h + 1, our new estimators for overlapping
strata become:

v̂arO1

(
n

L

)
=

k

2L2(k − 1)

k−1∑
i=1

{
(ni − ni+1) −

n

L
(li − li+1)

}2
,

(15)

v̂arO2

(
n

L

)
=

2k

L2(k − 1)

k−1∑
i=1

(lili+1)
2

(li + li+1)2

(
ni

li
− ni+1

li+1

)2

, (16)

where the notation v̂arO1 and v̂arO2 indicates that these are
the analogues of v̂arS1 and v̂arS2 for overlapping strata. The
sums in (15) and (16) are over strata, but we use the sum-
mation index i for consistency with other estimators. When
all lines are the same length, v̂arO1 and v̂arO2 are equivalent
to estimator v2 of Wolter (1984, 1985, p. 251). Wolter recom-
mended his estimator v2 as a good general purpose estimator

of the systematic variance, because of its good performance
across a range of population structures.

4.3 Model-Derived Estimator for Overlapping Strata
By analogy with v̂arR3, we suggest a method for construct-
ing a model-derived variance estimator that allows for trends
in encounter rate among strata. Estimator v̂arR3 was based
on the overdispersed Poisson model E(ni) = βli, var(ni) =
σ2li. With the stratification scheme, a similar model al-
lows β to vary among strata, whereas σ2 stays constant.
Conditional on l1, . . . , lk, the encounter rate variance is still
var(n/L) = σ2/L. The scaled successive differences (ni/li −
ni+1/li+1)/

√
(1/li + 1/li+1) each have model expectation 0

and variance σ2. This gives replicate variables for estimat-
ing σ2, suggesting the following model-derived estimator for
encounter rate variance:

v̂arO3

(
n

L

)
=

1

L(k − 1)

k−1∑
i=1

lili+1

li + li+1

(
ni

li
− ni+1

li+1

)2

. (17)

The relationship between the model-derived v̂arO3 and the
design-derived v̂arO2 is similar to that between the cor-
responding v̂arR3 and v̂arR2. Estimator v̂arO3 may be ob-
tained from v̂arO2 by replacing one factor li li+1/(li + li+1) by
l̄2/(2l̄)(= l̄/2). As before, Wolter’s v2 estimator is obtained
when all lines have the same length. Estimator v̂arO3 could
naturally be derived for nonoverlapping strata too.

5. Point Transect Sampling
In point transect surveys, the observed encounter rate is the
total number of detected objects divided by the total num-
ber of visits to points. The equivalent of varying line lengths
occurs when the number of visits differs among points, al-
though it is unusual in practice for this to occur. With trended
populations and systematic designs, similar issues arise with
point transect sampling as with line transect sampling. How-
ever, it is more difficult to design a poststratification scheme
with overlapping strata for a two-dimensional array of points
than for a system of lines. Suggested approaches and esti-
mators for random and systematic point transect designs are
given in Web Appendix B, with an example in Web Figures 1
and 2.

6. Simulation Study for Line Transect Estimators
We now assess the line transect variance estimators of Sec-
tions 3 and 4, in the repeated survey framework, using heav-
ily trended populations. Detections are simulated with a half-
normal detection function, with scale parameter σ and strip
half-width w. Objects in the search strip have average detec-
tion probability Pa = w−1

∫ w

0 exp{−r2/(2σ2)} dr, where P a =
1 when σ is sufficiently large. Simulations involve triangular,
circular, and rectangular regions with k = 20 vertical lines
and sampling fraction E(2wL/A) � 40w in each case. Web
Appendix C gives a detailed description of the simulation pro-
cedures, results, and interpretations, and can be substituted
for this section.

Figure 1 shows results for randomly placed transects,
with perfect detection (P a = 1) corresponding to plot sam-
pling. Estimator R1 ignores variance in L, and performs
poorly, even for uniform objects (population 1). It is omitted
from the other figures. The model-derived R3, based on the
overdispersed Poisson model, performs well when its model is
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Figure 1. Population realizations from each of six beta parameterizations, and performance of ŝe(n/L) when transects are

placed at random. Estimators for ŝe(n/L) are
√

v̂arR1,
√

v̂arR2,
√

v̂arR3, and
√

v̂arR4. Each population realization contains
N= 10,000 objects, with x and y coordinates generated from the two beta distributions shown on the heading. Surveys use k =
20 lines parallel to the y-axis, with detection settings w = 0.00025 and P a = 1. The mean sampling fraction is E(2wL/A) =
0.01. The boxplots summarize estimated values of ŝe(n/L) from 10,000 population realizations for each beta parameterization.
Thin horizontal lines on the boxes show the means of the 10,000 estimated standard errors. The boxes are drawn between
the upper and lower quartiles. Whiskers extend to the last observation within 1.5 times the interquartile range from the
quartiles. The correct variances are given by the thick horizontal lines across the plots, representing the observed sample value
of sd(n/L) from the 10,000 surveys. Confidence interval coverages for nominal 95% confidence intervals are reported beneath
each box.

accurate (population 1), but is not robust to other spatial ob-
ject distributions. R3 overestimates variance when short lines
carry the highest object densities, and underestimates when
short lines carry the lowest densities. The best estimators are
the design-derived R2 and the Poisson–Gamma model-derived
R4, which perform well in every case. Estimator R4 has a tiny
improvement in bias over R2, and a tiny loss in precision. Tak-
ing into account estimator simplicity, we recommend R2, but
we note that the model underlying R4 has proved robust to
extreme object distributions and might be useful for future
work.

Figures 2–4 show that random-based estimators R2 to R4
are not suitable for systematic designs when the object den-
sity has strong trends (populations 2–6). Bias increases with
sampling fraction, because at large sampling fractions ran-
dom designs have greatest loss of efficiency over systematic
designs. Random designs allow overlapping transects, so they
effectively sample a smaller portion of the region than the
nominal sampling fraction. However, even when this effect is
negligible at sampling fraction 0.01, a comparison of the true
variances (thick horizontal lines) on Figures 1 and 2 shows
that systematic designs are still more efficient than random
designs for highly trended populations. Estimators R2, R3,

and R4 cannot be assumed to have good properties under
systematic designs.

The poststratification scheme greatly reduces the bias
in systematic variance estimation (estimators S1–O2), and
nearly eliminates it at small sampling fractions (Figure 2). At
large sampling fractions, some positive bias remains (Figures 3
and 4b). This is expected at large sampling fractions because
there is an effect of finite population sampling. However, other
simulations (not reported here) show that incorporating a fi-
nite population correction leads to substantial underestimates
of variance in the repeated survey framework, which is im-
portant to avoid. In most real survey situations, the sampling
fraction is less than 0.1 and this issue does not arise. Figures 3
and 4 show that the poststratified estimators provide a dra-
matic improvement over the random-based estimators even
when the sampling fraction is high, and the remaining bias is
not of great concern.

Estimators S1 and O1, and estimators S2 and O2, show
the effects of switching from nonoverlapping strata to over-
lapping strata. In each case, the increased d.f. of the overlap-
ping scheme produces an improvement in precision, but little
if any change in bias. The model-derived estimator, O3, is
not recommended, and exactly mirrors the direction of bias
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Figure 2. Performance of ŝe(n/L) when k = 20 transects are placed according to a systematic design. Simulation proce-
dures and boxplot details are the same as those used in Figure 1. The systematic data provide ŝe(n/L) using estimators√

v̂arR2,
√

v̂arR3,
√

v̂arR4,
√

v̂arS1,
√

v̂arS2,
√

v̂arO1,
√

v̂arO2, and
√

v̂arO3.

in the similar estimator R3. There is very little difference in
performance between S1 and S2, or between O1 and O2. De-
tectability (P a), region shape, and the effect of estimating
var(D̂) rather than var(n/L) have little or no impact on the
results (Figures 3 and 4).

Overall, taking account both of estimator performance and
simplicity, we recommend estimator R2 for random survey
designs. For systematic designs, we recommend O2 when the
design can accommodate overlapping strata in whole or part,
and S2 otherwise. Estimator R2 is used for the within-stratum
variances in S2 and O2 (equations (13) and (16)).

7. Marine Mammal Survey in British
Columbia, Canada

We illustrate the methods with real data from a multispecies
marine survey in British Columbia, 2004–2005 (Williams and
Thomas, 2007). Encounter rate and its variance were esti-

mated separately for each of four geographical strata. We use
the largest stratum 1, in which k = 35 transects were placed
according to a systematic zigzag design. Results are shown for
the species with the greatest spatial trend in encounter rate
(Dall’s porpoise, Phocoenoides dalli) and for floating plastic
garbage, which had the least spatial trend. The total stratum
area was 18,360 nm2. The sampling fractions were 0.077 for
Dall’s porpoise, and 0.021 for floating garbage, due to differ-
ent truncation distances w.

Figure 5 shows trend in encounter rate over space and with
respect to line length, and 95% confidence intervals and co-
efficients of variation for encounter rate obtained from the
different estimators. The midpoints of the transect lines fell
on a nearly linear axis, so the spatial coordinate gives the lo-
cation of the line’s midpoint on the first principal component
axis through the midpoints. Confidence intervals are calcu-
lated under the assumption of a log-normal distribution for
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Figure 3. Effect of region shape and imperfect detection on ŝe(n/L) for a systematic design. Boxplot details are the
same as those used in Figures 1 and 2. Each population realization contains N = 1000 objects, surveys use k = 20
systematic lines parallel to the y-axis, and the detection settings are w = 0.01, σ = 0.005, P a = 0.60. The mean
sampling fraction is E(2wL/A) � 0.40 for each region shape. The systematic data provide ŝe(n/L) using estimators√

v̂arR2,
√

v̂arR3,
√

v̂arR4,
√

v̂arS1,
√

v̂arS2,
√

v̂arO1,
√

v̂arO2, and
√

v̂arO3.

encounter rate, replacing the normal zα by the Student’s tdf
quantile to ensure that the loss of d.f. resulting from strati-
fication is reflected in the results. The 95% confidence inter-
vals are (nL−1/C, nL−1 × C) (Buckland et al., 2001, p. 77),

where C = exp[tdf
√

log{1 + ŝe(nL−1)2/(nL−1)2}], and tdf is
the upper 0.025 point of the Student’s t-distribution with
d.f. =

∑H

h=1(kh − 1), with H the number of poststrata and
kh the number of lines in poststratum h. For unstratified es-
timators, H = 1. Under the poststratification scheme with
nonoverlapping strata, we used H = 17 and kh = 2 lines per
poststratum for every stratum except one, which had kh =
3 lines. With overlapping strata, H = 34 and kh = 2 for all
poststrata.

The results exactly mirror those of the simulation study.
For Dall’s porpoise, there were strong spatial trends in en-
counter rate, with highest encounter rates on the shortest
lines. As happened in simulations for this scenario, estima-
tor R3 gave a higher estimate than R2 and R4, and a clear
gain was obtained from the poststratified estimators S1 to
O2. Estimator O3 also gave a higher estimate than the other
overlapping estimators, like R3. By switching from the previ-
ously recommended estimator R3 (Buckland et al., 2001) to
our new recommendation of O1 or O2, the reported CV is
reduced from 31% to 19%.

For floating garbage, there was very little difference among
the estimators due to the lack of trend, with the new estima-
tors reducing the CV only from 15% to 14%. This shows that
analyses based on R3 will often be reasonably good, even for
systematic surveys. Only in strongly trended populations will
the new estimators make an important difference.

8. Discussion
Lack of precision in monitoring schemes for endangered
species is a critical problem for management and conserva-
tion. Taylor et al. (2007) showed that precipitous temporal
declines in a range of species would be largely undetected
at current reported precisions. We have shown that variance
can be overestimated by traditional methods, especially when
there are spatial trends in animal density and the design is
systematic. Our new variance estimators will greatly improve
our ability to inform management, assess management out-
comes, and apportion funds when planning schemes through
power analyses.

The simple strategy of poststratification can greatly re-
duce bias in variance estimation for systematic designs. The
stratification scheme reduces the d.f. for t-based confidence
intervals, which could occasionally lead to wider confidence
intervals despite a smaller variance estimate. In most cases,
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Figure 4. Estimated standard errors for density D̂, including the components for encounter rate and for estimat-
ing the detection parameter σ. Transects follow a systematic design on the triangular region. Boxplot details are the
same as those used in the previous figures. Each population realization contains N = 1000 objects and k = 20 lines.
Two sets of detection settings are used: (a) w = 0.0025, σ = 0.002, P a = 0.79, mean sampling fraction = 0.1; (b)
w = 0.02, σ = 0.01, P a = 0.60, mean sampling fraction = 0.8. The systematic data provide ŝe(n/L) using estimators√

v̂arR2,
√

v̂arR3,
√

v̂arR4,
√

v̂arS1,
√

v̂arS2,
√

v̂arO1,
√

v̂arO2, and
√

v̂arO3.

overlapping strata can be used over all or part of the region to
avoid significant loss of d.f. Poststratification should be car-
ried out separately from the stratification commonly used to
allow for differences in encounter rate across geographic re-
gion or other effects, and does not affect the encounter rate
estimator itself.

Careful survey design is also effective in reducing the en-
counter rate variance. When there is prior knowledge about
trends in object density, transect lines should be oriented
perpendicular to density contours where possible (Buckland
et al., 2001, p. 238–239). For example, transects for inshore
marine surveys are often placed perpendicular to the coast.

In Buckland et al. (2001, p. 79), we recommended esti-
mator R3 in preference to R2. For random designs, our new

results demonstrate that the performance of R2 is superior
to R3 when the model assumptions underlying R3 fail. We
therefore recommend the more robust estimator R2, which
will be the default in future releases of the Distance software
(Distance 6.0 and above). Neither R2 nor R3 is guaranteed to
perform well in highly trended populations when the survey
has a systematic design.

Buckland et al. (2001, p. 233) also advocated systematic
sampling survey designs, because they give better spatial cov-
erage and precision. Our results confirm this, and conclusively
favor the use of poststratification to reduce bias in estimates
of the encounter rate variance for systematic designs. This
will also be facilitated in Distance 6.0 and above. Geosta-
tistical and other spatial modeling methods (e.g., Simmonds
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Figure 5. Results from the analysis of British Columbia data for Dall’s porpoise (n = 86) and floating plastic garbage
(n = 79). (a) Trend in encounter rate over space. (b) Trend in encounter rate with respect to line length. (c) 95% confidence
intervals and percent coefficient of variation (rounded to nearest percent and given below the estimator names) for encounter
rate, obtained using estimators v̂arR2, v̂arR3, v̂arR4, v̂arS1, v̂arS2, v̂arO1, v̂arO2, and v̂arO3. Line lengths are measured in nautical
miles (nm), and encounter rate in nm−1.

and Fryer, 1996; Skaug, 2006) offer the potential for further
improvement when there are strong density gradients.

9. Supplementary Materials
Web Appendix A, referenced in Section 3.2, Web Appendix B
and Web Figures 1 and 2 (Section 5), and Web Appendix C
(Section 6), are available under the Paper Information link at
the Biometrics website http://www.biometrics.tibs.org.
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Estimating the encounter rate variance in distance sampling,
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Web Appendix A: Apparent Contagion Model

The Poisson-Gamma apparent contagion model is

E(ni) = βli ; var(ni) = βli + γl2i ; n1, . . . , nk uncorrelated. (18)

Define L =
∑k

i=1
li and S =

∑k

i=1
l2i . The line lengths l1, . . . , lk are regarded as fixed

predictor variates. Under model (18), the true variance is var (n/L) = β/L + γS/L2 . We

propose an estimator of the form

v̂arR4

(n

L

)
= α

k∑

i=1

lφi

(
ni

li
−

n

L

)2

, (19)

for values (φ, α) to be found. Expanding and taking model-expectations of the right-hand

side of (19) gives (after some algebra):

E

{
α

k∑

i=1

lφi

(
ni

li
−

n

L

)2
}

= β

[
α

k∑

i=1

lφi

{
1

li
−

1

L

}]
+ γ

[
α

k∑

i=1

lφi

{
1 −

2li
L

+
S

L2

}]
.

(20)

To gain a model-unbiased estimator of var(n/L), we equate the coefficients of β and γ

in (20) with those of var (n/L) = β/L + γS/L2 . This yields two equations to be solved

1



simultaneously for φ and α. Manipulation provides the following expressions for φ and α:

v(k, φ) =
k∑

i=1

lφi

{
1

li
−

2

L
+

2li
S

−
L

S

}
= 0 ; (21)

α =

{
k∑

i=1

lφi

(
L

li
− 1

)}−1

. (22)

Here, v(k, φ) is defined as the left-hand side of (21). The problem reduces to solving

equation (21) for φ. Although (21) can be solved numerically, solutions do not always

exist for small k (e.g. k < 10). However, we can show that as k → ∞, v(k, φ) > 0 for

φ < 2 and v(k, φ) < 0 for φ > 2. Thus, for large k, at least one solution to (21) exists, and

any solution converges to φ = 2. This enables us to derive a closed-form approximation

to v̂arR4(n/L). Writing φ = 2 + ε, and constructing the first-order Taylor expansion of

the equation v(k, φ) = 0 about φ = 2, gives the result for φ in the text.
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Web Appendix B: Point Transect Sampling

Suppose there are k randomly placed points, each of which is visited t times. The design-

and model-derived analogues of v̂arR2 and v̂arR3 are both:

v̂arP1

( n

kt

)
= v̂ar

(
n

t

)
=

1

t2k(k − 1)

k∑

i=1

(ni − n)2, (23)

where ni =
∑t

j=1
nij, n =

∑k

i=1
ni, n = n/k, and nij is the number of objects detected at

point i on visit j. This method assumes independence of n1, . . . , nk, but does not assume

that different counts at the same point are independent.

Now suppose that point i is visited ti times, where ti can differ between points. This is sim-

ilar to the line transect case with varying line lengths li, but with the important difference

that ti is chosen by the practitioner; it is not an observed piece of auxiliary information

dictated by the point’s position, as is the case with li. Lines with large li sample a large

part of the survey region, so design-derived estimators allot them higher weight than short

lines. By contrast, in point transect sampling, a design-derived estimator should allot all

points equal weight, regardless of ti. The design-derived encounter rate estimator (êr) is

therefore the sample mean of the response ni/ti. This means that êr = 1/k
∑k

i=1
ni/ti,

and the design-derived variance estimator is simply the sample variance:

v̂arP2

(
1

k

k∑

r=1

nr

tr

)
=

1

k(k − 1)

k∑

i=1

(
ni

ti
−

1

k

k∑

r=1

nr

tr

)2

. (24)

Alternatively, we can use a model-based framework with the model E(ni) = βti and

var(ni) = σ2ti. This model assumes that encounter rate β is constant throughout the

region, so points with large ti contribute more information about β than points with small

ti. For this model, the BLUE for encounter rate is êr = β̂ = n/T , where T =
∑k

i=1
ti. The

BLUE-based general formula of Thompson (2002:81) provides a model-unbiased variance

estimator:

v̂arP3

(n

T

)
=

1

T (k − 1)

k∑

i=1

ti

(
ni

ti
−

n

T

)2

. (25)
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This is equivalent to equation (3.79) of Buckland et al. (2001:79). Both v̂arP2 and v̂arP3

reduce to v̂arP1 when ti = t for all i. It is rare in practice for the number of visits per

point to vary.

When the point transect survey design is systematic, a post-stratification scheme with

non-overlapping strata can reduce bias in the encounter rate variance in the same way

as for line transects. However, post-stratification using overlapping strata is harder to

implement for point transect surveys. With a 2-dimensional arrangement of points there

might be no obvious way of choosing which strata should overlap, especially if the region

is irregularly shaped or point spacing is only systematic in one direction. An alternative is

due to D’Orazio (2003), who noted that Wolter’s 1-dimensional estimator for overlapping

strata, v2, is equal to the naive simple random sampling estimator (Wolter’s v1) multi-

plied by half the Durbin-Watson statistic (D/2), where D measures serial correlation in

one dimension. Using Geary’s spatial autocorrelation index c as the the 2-dimensional

analogue of D/2, D’Orazio suggested the systematic variance estimator cv1, which for

equal-effort point transect encounter rate is:

v̂arP4

(
n

t

)
=

cv1

t2
=

∑k

i=1

∑k

j 6=i(ni − nj)
2δij

2kt2
∑k

i=1

∑k

j 6=i δij

,

where δij = 1 if points i and j are adjacent, and 0 otherwise. Note that the method can

also be applied to line transect surveys in which lines are short and of equal length, and

positioned on a regular grid. Stevens and Olsen (2003) developed a local neighborhood

variance estimator that might also perform well in these cases.

To illustrate the point transect estimators, we use a survey of Scottish songbirds (Buck-

land, 2006), in which different point transect methodologies are compared. The survey

involves four species: European chaffinch (Fringilla coelebs), great tit (Parus major), Eu-

ropean robin (Erithacus rubecula) and winter wren (Troglodytes troglodytes). The survey

4



region was covered by 32 points spaced systematically along lines (Web Figure 1). Each

point was covered twice during the survey period. We use data from the ‘snapshot’ point

transect method (Buckland et al., 2001:173), pooled across the two visits, to illustrate the

different encounter rate variance estimates with different degrees of post-stratification.

Results are shown in Web Figure 2. Confidence intervals assume a log-Normal distribu-

tion for encounter rate, replacing the Normal zα by the Student tdf quantile. The 95%

confidence intervals are (êr/C, êr × C) (Buckland et al., 2001:77), where êr is the en-

counter rate estimate, C = exp

[
tdf

√
log
{
1 + ŝe(êr)2/êr2

}]
, and tdf is the upper 0.025

point of the Student’s t-distribution with d.f.=
∑H

h=1
(kh − 1). Here, H is the number of

post-strata, and kh is the number of points in post-stratum h. For unstratified estimators,

H = 1.

Web Figure 2 shows that the point transect results are not strongly affected by whether,

and to what degree, stratification is used. Estimator P4, which uses the correction of

D’Orazio (2003), usually yields some improvement in precision over the unstratified P1.

However, we have not examined its suitability in any theoretical sense. Increasing strat-

ification brings little change for inference from these data. Nonetheless, in view of the

conclusive results for line transect estimators, we recommend that the post-stratified es-

timators are used for systematic point transect surveys where possible.
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Web Appendix C: Simulation study

Here we describe in detail the simulation procedures and results from Section 6, for the

line transect variance estimators derived in Sections 3 and 4. The simulations use a set

of heavily trended populations. We primarily use a triangular region, in which there is

substantial variability in line lengths. Results are also presented for a circular region and

a rectangular region. Trends in object density can be highly correlated with line length,

to provide a stringent test of the estimators in extreme conditions.

For the triangular region, all simulated object populations occupy half of the unit square,

corresponding to the region y ≤ x. Object x and y coordinates are generated from

independent beta distributions, discarding any objects for which y > x until a decided

number of N object positions are obtained. Similarly, object positions are generated for

the circular region, where the circle is centered on point x = y = 0.5 with radius 0.5,

and for the rectangular region. We use six different sets of beta parameters, for each of

which we generate 10,000 population realizations of N objects. The number of objects is

variously N = 1000 and N = 10,000. This is the repeated survey framework, mimicking a

population of mobile animals in which the population size is fixed but the spatial locations

change according to an underlying spatial density.

Figure 1 shows a single population realization from each beta parameterization for the

triangle region. For each realization, we generate a single survey of k = 20 vertical

transects. All objects within horizontal distance w of a transect line are available for

detection from that line, including those above the upper end of the line. The line length is

measured strictly inside the region. To simulate detections, we use a half-normal detection

function, with scale parameter σ and strip half-width w. Objects in the search strip have

average detection probability Pa = w−1
∫ w

0
exp {−r2/(2σ2)} dr. We can make Pa = 1 by

using large enough σ. The sampling fraction is E(2wL/A) ' 40w for each region.
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Figures 1 to 4 show results for encounter rate variance and overall density variance,

v̂ar(n/L) and v̂ar(D̂), for a wide range of settings. Confidence interval coverage is also

reported, rounded to the nearest percent. Confidence intervals assume a log-Normal

distribution for n/L or D̂ respectively, replacing the Normal zα by the appropriate Student

tdf quantile. For encounter rate n/L, the 95% confidence intervals are (nL−1/C, nL−1×C)

(Buckland et al., 2001:77), where C = exp
[
tdf
√

log {1 + ŝe(nL−1)2/(nL−1)2}
]
. Here, tdf

is the upper 0.025 point of the Student’s t-distribution with degrees of freedom dfer =

∑H

h=1
(kh−1), with H the number of post-strata and kh the number of lines in post-stratum

h. For unstratified estimators, H = 1 and kh = 20 lines. Under the post-stratification

scheme with non-overlapping strata, H = k/2 = 10 and kh = 2 lines per post-stratum.

With overlapping strata, H = k − 1 = 19 and kh = 2 for all post-strata.

For density D̂, the 95% log-Normal confidence intervals are (D̂/C, D̂ × C), where C =

exp

[
tdf

√
log
{

1 + ŝe(D̂)2/D̂2

}]
. Here, ŝe(D̂)2 is obtained through (1) using the selected

estimator for cv(n/L), and using the information matrix of the conditional likelihood

of detection distances for cv(P̂a); and tdf is the upper 0.025 point of the Student’s t-

distribution with degrees of freedom given by the Satterthwaite approximation (Buckland

et al., 2001:78):

dfD =
cv(D̂)4

cv(nL−1)4/dfer + cv(P̂−1
a )4/(n − 1)

,

where dfer is the encounter rate degrees of freedom given above, and n is the total number

of observations.

Randomly placed transect lines

Estimators R1 to R4, from equations (2), (3), (5), and (7), are assessed with random

placement of transects (Figure 1). For each simulated survey, transects are generated

independently with x-coordinates from Uniform(w, 1 − w). Lines are positioned between

w and 1−w to ensure that search strips do not extend beyond the edge of the region. This
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may cause slight bias in the estimates of encounter rate itself, due to a lower sampling

probability for objects in the x-intervals [0, w) and (1 − w, 1]. However, it ensures that

the variance of the encounter rate is not influenced by search strips that extend beyond

the region.

The boxplots in Figure 1 show summary results for ŝe(n/L) =
√

v̂ar(n/L) for each of the

estimators. The sampling fraction is a realistic 0.01. We use perfect detection (Pa = 1)

so the encounter rate variance is not complicated by detection variance. This corresponds

to plot sampling. The thin horizontal lines across the boxes show the mean ŝe(n/L). The

thick horizontal line is the sample value of sd(n/L) from the 10,000 simulations. Good

performance of the variance estimator is seen when the boxplot mean coincides with the

sample sd(n/L). The boxplots also show the variability of the standard error estimators.

Estimator R1, which does not take account of different line lengths, performs poorly and

can be biased in either direction. The model-derived R3, based on the overdispersed

Poisson or true contagion model, performs well in Population 1, where the uniformly

distributed objects exactly satisfy the model underlying R3. However, it is not robust to

other object distributions. Variance is overestimated when short lines carry the highest

object densities, and underestimated when short lines carry the lowest object densities.

The best-performing estimators are the design-derived R2, and the Poisson-Gamma or

apparent contagion model-derived R4. The good performance of R2 is expected, because

the repeated survey framework is primarily design-based. Our new model-derived esti-

mator, R4, exhibits a very slight improvement over R2 in terms of bias, although at the

expense of a very slight deterioration in precision. Estimator R4 was consistently the best

for all values of w and σ we investigated. In view of the simplicity of R2 and the tiny

gain from using R4, we favor estimator R2 as the recommended estimator. However, it

is useful to note that the Poisson-Gamma model (6) produces an estimator R4 that is
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robust to the extreme trends exhibited here, and this model might be useful for future

work.

Systematically placed transect lines

The remaining simulations use a systematic survey design instead of random placement

of transects. The x-coordinate of the first transect line is generated as Uniform(w, w+d),

and subsequent lines are placed at fixed spacing d, where d = (1 − 2w)/k. Although the

data are systematic, we wish to assess the random-based estimators R2, R3, and R4, as

well as the new stratified estimators S1, S2, O1, O2, and O3. The traditional method

of estimating var(n/L) from systematic designs has been to use R3, so we include R2,

R3, and R4 to study the impact of this choice in the heavily trended simulation setting

presented. Estimator R1 is omitted because it performs poorly and lacks justification.

Figure 2 shows results for the same settings as Figure 1, with perfect detection (Pa = 1)

and small sampling fraction (0.01). In Figure 3, the effects of imperfect detection (Pa =

0.60) and high sampling fraction (0.40) are examined for different region shapes. Figure 4

further shows the effect of estimating overall density variance, var(D̂), using equation (1),

in which P̂a = w−1
∫ w

0
exp {−r2/(2σ̂2)} dr, and σ̂ is the maximum likelihood estimate.

The sampling fraction ranges from moderate (0.1) to very high (0.8).

The first important feature is the bias seen in estimators R2, R3, and R4, for the trended

populations 2 to 6. The bias is high for a small sampling fraction (Figure 2), and extreme

for large sampling fractions (Figure 4). This is because systematic designs gain greatest

efficiency over random designs when the sampling fraction is large, because systematic

designs do not allow overlapping transects. At large sampling fractions, random designs

will have substantial overlap (unless they randomly sample non-overlapping strips, as in

Buckland et al. 2001:235), so they are effectively sampling a smaller fraction of the region.

However, even when this effect is negligible at sampling fraction 0.01, a comparison of the
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true variances on Figures 1 and 2 shows that systematic designs are still more efficient

than random designs for highly trended populations. Estimators R2, R3, and R4 cannot

be assumed to have good properties under systematic designs.

The post-stratification approach greatly reduces the bias in variance estimation. At small

sampling fractions (Figure 2) the bias is almost completely eliminated. For larger sampling

fractions (Figures 3 and 4), some bias remains, usually positive. This is expected at large

sampling fractions because there is an effect of finite population sampling. However, other

simulations (not reported here) show that incorporating a finite population correction

leads to substantial underestimates of variance in the repeated survey framework, which

is important to avoid. In most real survey situations, the sampling fraction is less than

0.1 and this issue does not arise. Figures 3 and 4 show that the post-stratified estimators

nonetheless provide a dramatic improvement over the random-based estimators when the

sampling fraction is high, and the remaining bias is not of great concern.

Estimators S1 and O1, and estimators S2 and O2, show the effects of switching from non-

overlapping strata to overlapping strata. In each case, the increased d.f. of the overlapping

scheme produces an improvement in precision, but little if any change in bias. The model-

derived estimator, O3, is not recommended, and exactly mirrors the direction of bias in

the similar estimator R3. There is very little difference in performance between estimators

S1 and S2, or between estimators O1 and O2.

Our simulation results, including many not shown, indicate that trended populations with

disparate line lengths are problematic for estimator R3, but the problem is overcome by

using R2 or R4. For systematic designs, the random-based estimators are not suitable

if the population is highly trended. The post-stratification scheme effectively deals with

the problem, especially for the most realistic case of small sampling fractions. At high

sampling fractions, we do not have theory that acknowledges finite population effects of
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spatial sampling while still allowing for variance in detectability and object positions;

however, the post-stratification scheme still represents an important improvement, and

high sampling fractions are rare in practice. Explicit spatial modeling would be a promis-

ing approach to variance estimation when the sampling fraction is high. Detectability

(Pa), region shape, and effect of estimating var(D̂) rather than var(n/L) have little or no

impact on the results. Overall, taking account both of estimator performance and sim-

plicity, we recommend estimator R2 for random survey designs. For systematic designs,

we recommend O2 when the design can accommodate overlapping strata in whole or part,

and S2 otherwise. Estimator R2 is used for the within-stratum variances in S2 and O2

(eqns (13) and (16)).
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Web Figure Captions

Web Figure 1. The study site at Montrave in Fife, Scotland. The area comprises

parkland and mixed woodland. The dotted line is a small stream, the thin dashed lines

are tracks, and the thick dashed line is a main road. The points are laid out on a systematic

grid with 100m separation, shown by crosses and labeled 1, 2, . . . , 32.

Web Figure 2. Estimated encounter rate (thick horizontal line), 95% confidence in-

tervals (vertical bars), and %CVs for point transect surveys for chaffinch, great tit,

robin, and wren. Each point was covered twice (t = 2). Estimator P1 is applied with-

out stratification. Estimator P4 is the unstratified point transect estimator corrected

by Geary’s autocorrelation index, intended to mimic a scheme of overlapping strata in

two dimensions. The stratified estimators use P1 within each stratum and sum across

strata for the final result. Results are shown for two strata ({1-22}, {23-32}); four

strata ({1,4-6,10,11,17}, {2,3,7-9,15,16}, {12-14,18-22}, {23-32}); eight strata ({1-3,7},

{4-6}, {8,9,15,16}, {10,11,17,18}, {12-14,21}, {19,20,22}, {23-27}, {28-32}); and 16 strata

({1,6}, {2,3}, {4,5}, {7,14}, {8,9}, {10,17}, {11,12}, {13,20}, {15,16}, {18,19}, {21,22},

{23,24}, {25,28}, {26,27}, {29,31}, {30,32}). Strata were formed as far as possible by

combining neighboring points within similar habitats.
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Web Figure 1
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