
Appendix A - HMM dependence structure

Figure A.1: Dependence structure of an HMM.
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Appendix B – pseudo-residuals

Pseudo-residuals for HMMs

For an HMM, the conditional forecast (or quantile) pseudo-residual for the tth observation is given by

=௧ݎ Φିଵ(ܨ�( ௧ܼ |�ܼଵ = ,ଵݖ … , ௧ܼି ଵ = ௧ିݖ ଵ) ) ,

where  denotes the cumulative distribution function of the standard normal distribution. This has a
standard normal distribution if the fitted model is correct (this follows from a result of Rosenblatt,
1952; see also Dunn and Smyth, 1996). Using pseudo-residuals the suitability of the model can thus
be checked by using, for example, Q-Q-plots or formal tests for normality such as the Jarque-Bera
test. Such residuals are useful not only for assessing the overall goodness-of-fit of a model, but also
for identifying outliers. Zucchini and MacDonald (2009) describe in detail how to compute the
conditional distribution appearing in the above equation (see Chapters 5 and 6), and provide example
R code for computing pseudo-residuals (see their Appendix A). Animal movement data usually are
given in the form of bivariate time series, but there is no difficulty in applying pseudo-residuals in this
case. One can, for example, simply compute them separately for each component:

=௧ݎ Φିଵ൫ܨ�൫ܼ ௧,|�ଵ = ,ଵࢠ … ௧ି, ଵ = ௧ିࢠ ଵ൯൯,

where ௧� = ( ௧ܼ,ଵ, �ܼ௧,ଶ) denotes the bivariate observation at time (Zucchini et al., 2001).

Pseudo-residuals in the bison application

Figures B.1 and B.2 display Q-Q plots of the forecast pseudo-residuals (against the standard normal
distribution) obtained for the individual-specific HSMMs (model 2 in the manuscript). Plots in
Figures B.1 correspond to the step lengths, and plots in Figure B.2 correspond to the turning angles.
At a 5% significance level, Jarque-Bera tests reject normality of the pseudo-residuals associated with
the step lengths (for each bison), while for those associated with the turning angles normality cannot
be rejected (for each bison). The non-Gaussianity in the former case is due to the fitted distributions
predicting more extremely short observations than were actually observed.
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Figure B.1: Q-Q plots of pseudo-residuals corresponding to the observed step lengths against
standard normal distribution (based on the fitted individual-specific HSMMs).

Figure B.2: Q-Q plots of pseudo-residuals corresponding to the observed turning angles against
standard normal distribution (based on the fitted individual-specific HSMMs).



Appendix C – CRWs, BRWs and BCRWs

Correlated random walks involve positive (or negative) correlation in directions and can be expressed
by a turning angle distribution with mass centered around zero (or .(ߨ Biasedness of random walks
can either refer to a general preference for some direction (e.g., East) or a bias towards a particular
location. For example, a bias towards the location (ݕ,ݔ) is obtained by assuming that the expected
movement direction at time +ݐ 1 is the direction of the vector (ݕ,ݔ) − ,(௧ݕ,௧ݔ) where (௧ݕ,௧ݔ) is
the animal's position at time .ݐ Note that the location of a center of attraction (ݕ,ݔ) in a BRW
component can also be estimated along with the other model parameters. In the HMM framework this
type of BRW can be fitted by treating the observed location coordinates, ,(௧ݕ,௧ݔ) as if they were
covariates. For example, say that one models – besides the step lengths – directions using a von Mises
distribution-(ߢ,ߤ) :ߤ) mean, :ߢ concentration), and that at time +ݐ 1 direction ߶௧ାଵ is observed. If
state ݇ corresponds to a BRW with bias towards ,(ݕ,ݔ) then ߶௧ାଵ|ݏ�௧ାଵ = ݇�~ von Mises
(ݕ,ݔ)) − ;(ߢ,(௧ݕ,௧ݔ) i.e., the location (௧ݕ,௧ݔ) affects the mean and is required in order to determine
the expected movement direction. However, conditional on the initial location and the sequence of
step lengths and directions, the sequence of locations is deterministic, such that on the likelihood of
the model (conditional on the initial location) the sequence of locations has exactly the same effect as
covariates.

Random walks that involve both correlation and bias require a quantification of the animal's trade-off
between maintaining directional persistence and possible turning towards a center of attraction.
Weighted averages of the corresponding directions require some caution as directions are circular-
valued quantities (Turchin, 1998); e.g., the average of radians ߨ0.25 and ߨ1.75 is ,ߨ but this is not a
reasonable average (intuitively it should be 0). One approach is to transform the radians to
corresponding values on the unit circle, compute the average of these Cartesian coordinates and
transform the resulting average back to its corresponding radian. Mathematically, letting ߶ denote the
weighted average,

߶ = Argቀߟexp൫݅߶൯+ (1 − )exp(ߟ ߶݅)ቁ

where Arg(ݔ) is the argument of the complex number ,ݔ ߶ denotes the previous direction, ߶ the

direction of the bias and ߟ the associated weight of the former in the average.
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Appendix D – simulations of different HMMs

Figure D.1: Simulated HMM trajectories; clockwise from top left: 2-state HMM comprising 2 CRWs,
2-state HMM comprising CRW & BCRW, 3-state HMM comprising 3 BRWs, 3-state HMM
comprising CRW and 2 BRWs (in each case filled black circles are initial positions and filled
triangles are centers of attraction)



Appendix E – observed bison movement paths

Figure E.1: Observed movement paths for the different bison (October 2005 – April 2006); gaps
correspond to missing data.



Appendix F – model fitting results

Results for models 1–4: individual-specific HMMs/HSMMs and corresponding models with
common parameter set for all individuals

ଵߚ ଶߚ ଵߣ ଶߣ ߱ଵ ࣓ ଵߩ ଶߩ ଵଵߛ ଶଶߛ log ℒ

JM 0.785 0.847 0.079 0.459 3.131 0.026 0.190 0.388 0.678 0.730 -19874.7

bison 1 0.783 0.897 0.112 0.517 3.087 0.049 0.141 0.419 0.785 0.741 -2373.7

bison 2 0.864 0.805 0.066 0.448 -3.120 -0.052 0.209 0.348 0.703 0.765 -1839.9

bison 3 0.862 0.782 0.058 0.346 -3.103 0.062 0.343 0.283 0.531 0.808 -2246.0

bison 4 0.753 0.854 0.085 0.434 -3.062 0.037 0.249 0.418 0.602 0.720 -2255.4

bison 5 0.834 0.887 0.066 0.513 2.706 0.042 0.134 0.379 0.645 0.704 -2268.0

bison 6 0.887 0.789 0.045 0.350 3.024 -0.061 0.303 0.278 0.596 0.815 -2116.9

bison 7 0.726 0.821 0.098 0.559 -2.999 0.128 0.187 0.483 0.750 0.702 -2346.1

bison 8 0.771 0.949 0.097 0.554 -3.061 -0.006 0.102 0.463 0.787 0.684 -2195.0

bison 9 0.745 0.886 0.086 0.448 -3.035 0.031 0.142 0.420 0.664 0.730 -2161.8

Table F.1: Estimated parameters for stationary two-state HMMs, for joint model with parameters
common to all individuals (JM, model 3 in the manuscript) and for individual-specific models (model
1 in the manuscript, applied to bison 1 – bison 9); :ߚ shape parameter of Weibull distribution in state
;݅ :ߣ scale parameter of Weibull distribution in state ;݅ ߱: mean of wrapped Cauchy distribution in

state ;݅ :ߩ scale parameter of wrapped Cauchy distribution in state ;݅ :ߛ probability of remaining in
behavioural state ݅at time +ݐ 1, given the animal is in state ݅at time ;ݐ ݈݃ ℒ: value of the
numerically maximized log-likelihood.

ଵ݇ ଶ݇ ଵߨ ߨଶ logℒ

JM 0.385 3.752 0.1439 0.5941 -19846.6

bison 1 0.373 20811 0.0579 0.9998 -2371.9

bison 2 0.269 19.79 0.0943 0.8915 -1832.3

bison 3 0.745 0.453 0.4217 0.0932 -2242.5

bison 4 0.924 9168 0.3655 0.9996 -2251.4

bison 5 0.783 1.523 0.2981 0.3940 -2267.6

bison 6 0.150 29076 0.1027 0.9984 -2103.6

bison 7 0.888 9205 0.1789 0.9997 -2340.1

bison 8 0.311 14.20 0.0789 0.8470 -2181.8

bison 9 0.211 1.682 0.1796 0.3458 -2159.5

Table F.2: Estimated parameters for stationary two-state HSMMs, for joint model with parameters
common to all individuals (JM, model 4 in the manuscript) and for individual-specific models (model
2 in the manuscript, applied to bison 1 – bison 9); ݇: size of negative binomial dwell-time
distribution in state ;݅ :ߨ success probability parameter of negative binomial dwell-time distribution
in state ;݅ ݈݃ ℒ: value of the numerically maximized log-likelihood. The estimated parameters of the
state-dependent (Weibull and wrapped Cauchy) distributions are not given here (there was no major
difference to the HMM case).



Figure F.1: Fitted dwell-time distributions for “encamped” state; vertical bars give the (negative
binomial) distributions for the individual-specific HSMMs, filled circles the (geometric) distributions
for the individual-specific HMMs.



Figure F.2: Fitted dwell-time distributions for “exploratory” state; vertical bars give the (negative
binomial) distributions for the individual-specific HSMMs, filled circles the (geometric) distributions
for the individual-specific HMMs.



Log-likelihood, AIC and ઢAIC values for the different models

 logℒ ܥܫܣ ܥܫܣ߂

HMM with common parameter set for
all bison

10 -19874.70 39769.4 57.3

HMM with individual-specific
parameters

90 -19802.84 39785.7 73.6

HSMM with common parameter set for
all bison

12 -19846.55 39717.1 5.0

HSMM with individual-specific
parameters

108 -19750.79 39717.6 5.5

HSMM with random effects for
Weibull scale parameters

14 -19842.06 39712.1 0

Table F.3: Number of parameters ,() log-likelihood, AIC and AIC߂ values for the different
population-level models. As state-dependent distributions wrapped Cauchy and Weibull distributions
were used for turning angles and step lengths, respectively, in each of the listed models.

 logℒ ܥܫܣ ܥܫܣ߂

Weibull & wrapped Cauchy HSMM 12 -19846.55 39717.1 0

Weibull & von Mises HSMM 12 -19884.48 39793.0 75.9

Gamma & wrapped Cauchy HSMM 12 -19917.19 39858.4 141.3

Gamma & von Mises HSMM 12 -19964.32 39952.6 235.5

Table F.4: Number of parameters ,() log-likelihood, AIC and AIC߂ values for population-level
HSMMs with different families of state-dependent distributions; in each listed HSMM a common
parameter set for all bison was assumed.



Appendix G – proof related to HSMM example from Section 4.1

We show that

ଵ
(ݎ)∗ = ,(ݎ)ଵ forݎ��≤ ܰ ∗,

where ଵ
(ݎ)∗ denotes the p.m.f. of the dwell-time distribution in state aggregate ofܫ the

approximating HMM, and (ݎ)ଵ denotes the p.m.f. of the dwell-time distribution in state 1 of
the HSMM that is to be approximated. First of all, we note that a stay in state aggregate ܫ
begins in state 1 (follows from the definitions of the HMM state transition probabilities in the
(ܰ ∗ + 1)th row of Γ and of the initial state distribution). Consequently,

ଵ
∗(1) = ଵ,ேߛ ∗ାଵ = (ܿ1) = ଵ(1)

ଵ
∗(2) = ଵଶߛ ⋅ ଶ,ே∗ାଵߛ = ൫1 − (ܿ1)൯⋅ (ܿ2) = ൫1 − ⋅ଵ(1)൯

ଵ(2)

1 − ଵ(1)
= ଵ(2)

ଵ
∗(3) = ଵଶߛ ⋅ ଶଷߛ ⋅ ଷ,ேߛ ∗ାଵ = ൫1 − (ܿ1)൯⋅ ൫1 − (ܿ2)൯⋅ (ܿ3)

= ൫1 − ⋅ଵ(1)൯
1 − ଵ(1) − ଵ(2)

1 − ଵ(1)
⋅

ଵ(3)

1 − ଵ(1) − ଵ(2)
= ଵ(3)

⋮

ଵ
∗(ܰ ∗) = ଵଶߛ ⋅ ଶଷߛ ⋅ … ⋅ ேߛ ∗ିଵ,ே∗ ⋅ ேߛ ∗,ே∗ାଵ

= ൫1 − (ܿ1)൯⋅ ൫1 − (ܿ2)൯⋅ … ⋅ ൫1 − (ܿܰ ∗ − 1)൯⋅ (ܿܰ ∗)

= ൫1 − ଵ(1)൯
1 − ଵ(1) − ଵ(2)

1 − ଵ(1)
⋅ …

⋅
1 − ଵ(1) − ଵ(2) − … − ܰ)ଵ ∗ − 1)

1 − ଵ(1) − … − ܰ)ଵ ∗ − 2)

⋅
ܰ)ଵ ∗)

1 − ଵ(1) − ଵ(2) − … − ܰ)ଵ ∗ − 1)
= ܰ)ଵ ∗)

Alternatively, the statement can be proven via induction (Langrock and Zucchini, 2011).
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