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Abstract

1. Grey seals (Halichoerus grypus) were the first mammals to be protected by an Act

of Parliament in the UK and are currently protected under UK, Scottish, and EU

conservation legislation. Reporting requirements under each of these statutes

requires accurate and timely population estimates. Monitoring is principally con-

ducted by aerial surveys of the breeding colonies; these are used to produce esti-

mates of annual pup production. Translating these data to estimates of adult

population size requires information about demographic parameters such as

fecundity and sex ratio.

2. An age‐structured population dynamics model is presented, which includes den-

sity dependence in pup survival, with separate carrying capacities in each of the

four breeding regions considered (North Sea, Inner Hebrides, Outer Hebrides,

and Orkney). This model is embedded within a Bayesian state–space modelling

framework, allowing the population model to be linked to available data and the

use of informative prior distributions on demographic parameters. A computer‐

intensive fitting algorithm is presented based on particle filtering methods.

3. The model is fitted to region‐level pup production estimates from 1984 to 2010

and an independent estimate of adult population size, derived from aerial surveys

of hauled‐out seals in 2008. The fitted model is used to estimate total population

size from 1984 to 2010.

4. The population in the North Sea region has increased at a near‐constant rate;

growth in the other three regions began to slow in the mid‐1990s and these pop-

ulations appear to have reached carrying capacity. The total population size of

seals aged 1 year or older in 2010 was estimated to be 116 100 (95% CI

98 400–138 600), an increase of <1% on the previous year.

5. The modelling and fitting methods are widely applicable to other wildlife popula-

tions where diverse sources of information are available and inference is required

for the underlying population dynamics.
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1 | INTRODUCTION

Obtaining reliable estimates of population size and trend is a key

goal of many wildlife monitoring programmes. In many cases, popu-

lation size can be estimated for each monitoring period (e.g. annu-

ally), using survey methods such as distance sampling or mark–

recapture (Borchers, Buckland, & Zucchini, 2002). Population trend

can then be inferred by smoothing the resulting time series (Thomas,

Burnham, & Buckland, 2004). In some situations, however, only a

component of the population can be readily surveyed: for example,

breeding females or newborn offspring. Scaling up to the total pop-

ulation size then requires knowledge of what proportion of the pop-

ulation is represented by the component surveyed. Partial

information relevant to the required proportion may be available

from multiple sources. One way to bring all this information together

in an integrated way is to embed it within a statistical model of pop-

ulation dynamics (Newman et al., 2014). This has the additional

advantage that the resulting time series of population estimates is

constrained to be biologically realistic (unlike purely empirical

smooths of population trend), so may be useful for trend estimation

even when the entire population can be surveyed. Furthermore, the

modelling of population dynamics helps to determine which particu-

lar processes influence population size and changes.

In this article, Bayesian statistical techniques are used to fit an

age‐structured model of British grey seal population dynamics to

annual estimates of pup production (number of pups born per year),

a single estimate of total population size, and diverse data on demo-

graphic parameters in the form of informative prior distributions.

This model is used to infer population size and trend over multiple

years as well as to examine region‐level density dependence.

The British population of grey seals (Halichoerus grypus) makes up

approximately 40% of the world population (Special Committee on

Seals (SCOS), 2017). It was historically much reduced by commercial

and subsistence hunting, and in 1914 concern about possible extir-

pation led to it becoming the first mammal in the UK to be

protected by an act of Parliament (Lambert, 2002). Subsequent leg-

islation (The UK Conservation of Seals Act 1970 and The Marine

(Scotland) Act 2010) placed a statutory requirement on the Natural

Environment Research Council (NERC) to provide scientific advice

to UK and Scottish governments on matters related to the manage-

ment of seal populations. NERC created the expert panel SCOS to

provide this advice, informed by scientific information from the Sea

Mammal Research Unit (SMRU). This information includes assess-

ments of population size and trend, derived using the methods

described here. A historical example of advice given around a highly

contentious topic relates to the extent of competition between grey
seals and fisheries, and the utility of large‐scale culls (reviewed by

Harwood & Greenwood, 1985). A more recent example is an investiga-

tion into the potential role of grey seals in the regional population

declines of the harbour seal (Thompson, Duck, Morris, & Russell, 2019).

Grey seals are a good example of a species in which only one com-

ponent of the population is readily surveyed: they spend most of the

year at sea on foraging trips, widely dispersed at low density, but con-

gregate annually at a small number of breeding colonies to pup, and

the pups remain ashore for approximately the first month of life

(Wyile, 1988). Population monitoring has, therefore, focused on

counting pups, either from the ground or from aerial photographic

surveys. The breeding season is longer than the maximum length of

stay for any individual pup, and hence no single survey will count all

of the pups born at a colony. Repeated counts are therefore required,

and a statistical model is used to estimate the total pup production

per colony from the count data (Russell, Morris, Duck, Thompson, &

Hiby, 2019).

Pup counts have taken place in the UK since the 1950s, and an

assessment of regional trends in pup production, showing an approxi-

mately exponential increase of 7% per year in areas undisturbed by

culling, was published by SMRU in the year of its founding (Summers,

1978). Under constant population growth (assuming constant age‐

specific survival and fecundity), the total population size is a simple

multiple of pup production, with the value of the multiplier depending

on population age structure and age‐specific fecundity. A companion

article (Harwood & Prime, 1978) used the age distribution of a sample

of culled adult seals, and other information, to infer that the appropri-

ate multiplier corresponding to a growth rate of 1.07 is approximately

4 (presented in their Figure 6). This article also considered how a

density‐dependent decrease in population growth might affect this

multiplier and found that the effect depended on which demographic

parameter was affected by density dependence. They suggested that

the most likely parameter would be pup survival, and that a decrease

in pup survival sufficient to cause a levelling‐off of pup production

would result in the multiplier decreasing from 4 to 3. This current arti-

cle, appearing in a special issue celebrating the 40th anniversary of

SMRU (Hall, 2019), can be seen as an update to Harwood and Prime

(1978), using a new approach to model the population. An earlier ver-

sion of the model and fitting algorithm used here was described by

Thomas, Buckland, Newman, and Harwood (2005) and by Newman,

Fernández, Buckland, and Thomas (2009), so this article also updates

those studies.

Although the focus of this article is on British grey seals, the

methods used are general and readily modified to other age‐ or

stage‐structured wildlife populations. Details of the fitting algorithm

and the computer code are provided in Appendix S1.
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2 | METHODS

2.1 | Pup production estimates

Estimates of pup production have been calculated for some colonies

since the 1950s (see Figure S6 and Supplementary Material in Russell

et al., 2019), but the initial counts did not cover all major colonies, and

the methods for counting and estimating pup production have

changed over time. In this article, only annual pup production esti-

mates for 1984–2010 were used (Table S1); aerial survey methods

changed substantially after 2010. The pup production estimates used

are those derived by Russell et al. (2019). Pup production can fluctuate

widely over time within a colony, and nearby colonies can show diver-

gent trends. Hence, to facilitate population modelling, colony‐level

pup production estimates were aggregated into four study regions:

Inner Hebrides (which, in terms of grey seal colonies, is synonymous

with the West Scotland Seal Management Unit (SMU)), Outer

Hebrides (Western Isles SMU), Orkney (within the North Coast &

Orkney SMU), and North Sea (East Scotland, Northeast Scotland,

and Southeast England SMUs; Figure S1). The data contain one

missing value: in 2009 there were too few aerial surveys in the Inner

Hebrides for a reliable pup production estimate to be produced.

Approximately 10% of breeding occurs in colonies not regularly

surveyed or outside of these regions, and hence models fitted to the

pup production data only estimate the population size of seals associ-

ated with regularly monitored colonies.

The statistical procedure used to estimate pup production from

aerial surveys at the colony level yields an associated measure of

uncertainty. Several parameters involved in the estimation are shared

among colonies within regions, however, and hence colony‐level esti-

mates are not independent, making it difficult to produce an aggregate

estimate of region‐level uncertainty. In addition, no measure of uncer-

tainty is available for pup production estimates made from ground

counts. Hence, the level of observation error associated with the

regional pup production estimates is estimated in the population

dynamics modelling process, rather than being assumed as known.
2.2 | Independent estimate of population size

Grey seals also haul out of the water during the non‐breeding season

between foraging trips. Although these haulout sites are much more

widely dispersed than the breeding sites, it is possible to survey them

using aerial photography. This was conducted primarily within a 3‐year

period of 2007–2009 as part of a larger survey (of harbour seals) con-

ducted during the month of August, within 2 hours of local low tide

(Lonergan, Duck, Thompson, Moss, & McConnell, 2011). The data col-

lected were used to derive an independent estimate of total popula-

tion size, nominally assigned to 2008, by dividing the total seals

hauled out by the proportion of the population estimated to be hauled

out during the survey. This latter proportion was estimated separately

using a sample of seals fitted with telemetry tags. Here, the estimate

derived by Russell, Duck, Morris, and Thompson (2016) was used,
which is an update of that used by Lonergan, Thompson, Thomas,

and Duck (2011).

The population dynamics model fitted to pup production data pro-

duces estimates of total population size for only the regularly moni-

tored colonies. To account for this, the estimate from Russell, Duck,

et al. (2016) was scaled downwards by multiplying it by 0.9234, which

is the proportion of pup production estimated to have taken place on

regularly monitored colonies in 2008 (Duck, 2009). This assumes that

the number of adults per pup is the same within and outside the reg-

ularly monitored colonies.

Russell, Duck, et al. (2016) used a non‐parametric bootstrap to

quantify the uncertainty in the total population size estimate. The

method used here to link the total population size estimate to the

pup production model requires the total population size to be

expressed as a parametric distribution. To allow this, the bootstrap

replicates from Russell, Duck, et al. (2016), after scaling, were

modelled as arising from a right‐shifted gamma distribution

Y2008eκ0 þ Ga κ1; κ2ð Þ;

where Y2008 is the estimated total population size in 2008 after

scaling, ~ denotes ‘is distributed according to’, κ0 is the right shift

(non‐negative), and Ga(κ1, κ2) denotes a gamma distribution with

shape parameter κ1 and scale parameter κ2. (Note that, more strictly,

we should write Y2008 − κ0~Gamma(κ1, κ2), but the above informal

notation is used throughout this article, for convenience.) The

parameters {κ0, κ1, κ2} were estimated by maximum likelihood from

100 000 bootstrap replicates.

2.3 | Population dynamics model

A discrete‐time, age‐structured stochastic population dynamics model

was constructed for each region, with most demographic parameters

shared across regions. Female seals recruit into the breeding popula-

tion at around 6 years old (Harwood & Prime, 1978). In this model,

the seal population in each region is divided into seven age classes:

pups (age 0 years); pre‐breeding females in age classes 1–5 years;

and breeding‐age females (aged 6 years and older). Note that all ani-

mals age 1 year or older are referred to as ‘adult’, although in practice

those aged 1–5 years could more accurately be described as immature

or subadult. Note also that the population dynamics model does not

explicitly include adult males (see section 2.4). The time step is 1 year,

beginning just after the breeding season. The number of seals of age x

in region r at time t is denoted as nx,r,t. The year is divided into three

subprocesses, occurring sequentially: survival, age incrementation,

and breeding.

Survival within each region and age class is modelled as a binomial

random process, with different survival probability for pups and adults:

us;0;r;teBi n0;r;t−1; ϕp;r;t

� �
us;x;r;teBi nx;r;t−1; ϕa

� �
x ¼ 1; …; 6;

where us,x,r,t is the number of seals age x in region r at time t after the

survival subprocess, but before age incrementation; ϕp,r,t is the
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survival probability of pups in region r at time t; and ϕa is the survival

probability of adults (which is assumed to be constant across regions

and time). Following Harwood and Prime (1978), pup survival is

assumed to be density dependent, i.e. to decline as the number of

pups increases. The density‐dependent function used here is:

ϕp;r;t ¼
ϕpmax

1þ βrn0;r;t−1
� �ρ; (1)

where ϕpmax is the maximum pup survival rate, attained when pup

production is zero, and βr and ρ determine how pup survival declines

as pup numbers increase. The parameter βr controls the overall rate

of the decrease, whereas ρ controls the shape of the function (Figure

S2). When ρ = 1, Equation 1 is the classic Beverton–Holt function

(Beverton & Holt, 1957), whereas increasing ρ above 1 causes pup

survival to remain close to the maximum at low levels of pup produc-

tion and to decrease rapidly at higher pup production. Including a

density‐dependent demographic parameter in the model means that

the rate of population growth will slow as the population increases,

and the population will stabilize at (or oscillate around) a fixed popula-

tion size (the carrying capacity) and age structure (Caswell, 2001;

Turchin, 2003). The carrying capacity is a function of all the demo-

graphic parameters in the model; however, because the only parame-

ter that varies between regions is βr, this is the parameter that controls

the relative size of the carrying capacity in each region.

For age incrementation, the number of surviving pups that become

females aged 1 year is a binomial random variable with probability 0.5,

as (by assumption) on average only half of the pups will be male. For

other age classes, age incrementation is deterministic, with all seals

ageing by one year, except those in the 6+ category that remain in

the same age class. This part of the model can be summarized as:

ua;1;r;teBi us;0;r;t; 0:5� �
ua;x;r;t ¼ us;x−1;r;t x ¼ 2; …; 5

ua;6;r;t ¼ us;5;r;t þ us;6;r;t

;

where ua,x,r,t is the number of seals age x in region r at time t after the

age incrementation subprocess, but before breeding.

To model breeding, it is assumed that each age‐6 and older female

gives birth to a single pup with probability α, so that the number of

pups is a binomial random variable:

n0;r;teBi ua;6;r;t; α� �
:

One way to summarize the model is using matrix notation (Caswell,

2001), showing the expected number of seals at time t + 1:

E nr;tþ1
� � ¼ Lnr;t;

where nr,t is a vector of length 7 giving the number of pups (of both

sexes) and female seals aged 1–6+ years in region r at time t, E(.) is

the expectation operator, and L is a Leslie matrix, which for this model

is given by:
L ¼

0 0 0 0 0 ϕaα ϕaα

0:5ϕp;r;t 0 0 0 0 0 0

0 ϕa 0 0 0 0 0

0 0 ϕa 0 0 0 0

0 0 0 ϕa 0 0 0

0 0 0 0 ϕa 0 0

0 0 0 0 0 ϕa ϕa

0BBBBBBBBBBB@

1CCCCCCCCCCCA
: (2)

2.4 | State–space model

A convenient way to link the above population dynamics model to

observations made on its components is using a state–space modelling

framework (Newman et al., 2014). A state–space model describes the

evolution in time of two linked stochastic processes: a state process

and an observation process. The state process describes the true but

unknown (‘hidden’) state of the population at successive time steps

– in this case this is given by the population dynamics model described

above. The observation process links the unknown states (the number

of animals in each age class in each region) to data on the populations.

To link pup production to the pup production estimates it was

assumed that the pup production estimates for each region and year

are normally distributed with a constant (but unknown) coefficient of

variation:

y0;r;teN n0;r;t;
n20;r;t
ψ

 !

where y0,r,t is the pup production estimate for region r and year t,

N(μ, σ2)denotes a normal distribution with mean μ and variance σ2,

and ψ is a precision parameter, so that the coefficient of variation of

the pup production estimate is 1=
ffiffiffiffi
Ψ

p
.

To link total population size to the independent estimate made in

2008, it was assumed that the independent estimate followed a

right‐shifted gamma distribution with known parameters {κ0, κ1, κ2}.

The mean of this distribution, κ0+κ1κ2, was assumed to be equal to

the true total population size of adults (in regularly monitored colonies)

in 2008, N2008. Only adults are included (i.e. pups are excluded)

because the independent estimate took place in August, which is

before the breeding season. (It was assumed that adult mortality

between the time of the independent estimate and the end of the

breeding season, which is the population model census point, was

negligible.) The population dynamics model includes only adult females,

so an additional parameter, ω, is required to index the number of adult

animals per adult female:

N2008 ¼ ω ∑
6

x¼1
∑
4

r¼1
nx;r;2008:

The parameter ω is related to the adult sex ratio, in that the ratio of

adult males to adult females is given by ω − 1.

One further step is required to fully specify the state–space model:

defining the distribution of initial states of the population, nr,1984,

r = 1, … ,4. This is described in the next section.
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2.5 | Prior distributions

The state–space model contains 10 parameters: ϕa (adult survival),

ϕpmax (maximum pup survival), β1, … ,β4 (related to region‐specific car-

rying capacity), ρ (shape of density‐dependent survival function), α

(fecundity), ω (adults per female), and ψ (pup production estimate pre-

cision). British grey seals are relatively well studied, and several inde-

pendent studies have provided information about plausible values

for many of these parameters. One method to use this information

is to fit the model within a Bayesian inferential framework, using infor-

mative prior distributions on the parameters. The specification of

these distributions was given extensive consideration by members of

SMRU and SCOS; this is described in Appendix S1 and a summary is

given below. The resulting prior distributions are given in Table 1

and shown in Figure S3.

The prior on adult (i.e. age 1+ years) survival ϕa was based on an

analysis of the age structure of historical samples of culled adult seals,

and on mark–recapture estimates from intensively studied breeding

colonies at North Rona and the Isle of May; it uses a scaled beta dis-

tribution to constrain survival to be between 0.80 and 0.97, with a

mean of 0.9 and a standard deviation (SD) of 0.04. The prior on pup

survival ϕpmax was largely based on mark–recapture studies and is

considerably broader than that for ϕa: a beta distribution with mean

0.62 and SD 0.20. These same studies led to the conclusion that the

density‐dependent shape parameter ρ is probably more than 1, and

it was given a fairly broad prior using a gamma distribution with mean

of 10.00 and SD 5.00. For fecundity α, information was considered on

pregnancy rates in culled adults as well as observed and inferred

fecundity rates at the intensively studied breeding colonies; a scaled

beta distribution was used to constrain fecundity to be between 0.6

and 1.0, with a prior mean of 0.83 and SD 0.09. The prior on the

number of adults per female, ω, was derived from a comparison of

age‐specific survival estimates from samples of culled seals and

mark–recapture studies, including studies of Canadian grey seals

(den Heyer & Bowen, 2017); a tight prior based on a right‐shifted

gamma distribution with lower bound 1.60, mean 1.70, and SD 0.02
TABLE 1 Prior parameter distributions and summary of posterior distribu
respectively; cc, carrying capacity; DD, density dependent; NS, IH, OH, an
and Orkney

Parameter Prior distribution Prior me

Adult survival ϕa 0.8 + 0.17*Be(1.6,1.2) 0.90

Pup survival ϕpmax Be(2.87,1.78) 0.62

Fecundity α 0.6 + 0.4*Be(2,1.5) 0.83

DD shape ρ Ga(4,2.5) 10

NS pups at cc χ1 Ga(4,5000) 20 000

IH pups at cc χ2 Ga(4,1250) 5000

OH pups at cc χ3 Ga(4,3750) 15 000

Ork pups at cc χ4 Ga(4,10000) 40000

Observation precision ψ Ga(2.1,66.67) 140

Sex ratio ω 1.6 + Ga(28.08, 3.70E‐3) 1.7
was used. The observation precision τ parameter for regional pup pro-

duction estimates was based on a consideration of the precision of

colony‐level estimates (which for aerial survey data are obtained as

part of the pup production estimation); a moderately broad gamma

distribution with mean of 140.00 and SD 97.00 was specified, which

corresponds to assuming a prior mean coefficient of variation (CV) of

pup production of 10% and SD 5% (i.e. 90% of the prior probability

density lies between 5 and 20%).

To aid in the specification of priors on the β parameters, a

reparameterization was used. This is because the number of pups at

carrying capacity (‘carrying capacity of pups’) is a function of both β

and ρ (as well as other parameters, Figure S2). The carrying capacity

of pups is strongly affected by ρ, so a prior distribution on β that

would produce a sensible prior on the carrying capacity of pups at

one level of ρ would be infeasible at a different ρ. Hence, instead of

setting priors on the β for each region independently of the values

of the other parameters, a reparameterization was used to set priors

on the carrying capacity of pups per region, which then generated

priors for the regional β parameters, conditional on the priors for all

other model parameters. Denoting the carrying capacity of pups in

region r as χr, it can be shown (by making use of the fact that the

long‐term age structure at carrying capacity is constant) that:

βr ¼
1
χr

0:5αϕpmaxϕ
5
a

1−ϕa
−1

" #1=ρ
: (3)

The prior distributions on the χ parameters were gamma distributions

with means based loosely on the observed pup production trajectory,

but with large CVs of 50%, and so were designed to be moderately

uninformative.

As well as the model parameters, prior distributions are required

on the hidden states, nr,t. The structure of the population dynamics

model, where distribution of states at time t is a function of that at

time t – 1, means that priors need only be specified on the states

in the first year, nr,1984; this (together with the priors on model

parameters) then automatically specifies priors on all other states.
tions. Abbreviations: Be and Ga denote beta and gamma distributions,
d Ork denote the North Sea, the Inner Hebrides, the Outer Hebrides,

an (SD) Posterior mean (SD) Prior–posterior overlap

(0.04) 0.95 (0.01) 35%

(0.20) 0.48 (0.09) 40%

(0.09) 0.90 (0.06) 70%

(5) 5.95 (1.73) 50%

(10 000) 15 500 (8210) 77%

(2500) 3110 (173) 11%

(7500) 11 700 (535) 14%

(20000) 17800 (1680) 9%

(96.61) 112 (34.60) 49%

(0.02) 1.7 (0.02) 99%
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To derive priors for nr,1984, the first year of pup production estimates

y0,r,1984 was used, meaning that during model fitting only observations

from 1985 onwards were used. Pup production was assumed to be

distributed according to:

n*r;0;1984eN y0;r;1984;
y20;r;1984

ψ

 !
; (4)

nr;0;1984eU n*r;0;1984
1:3

; 1:3n*r;0;1984

 !
; (5)

where U(a, b) denotes a uniform distribution with limits a and b.

Equation 4 is effectively ‘reversing’ the observation equation, whereas

Equation 5 adds further dispersion to the prior to help ensure that it

encompasses all likely values of pup production. The value 1.3 was

chosen by trial and error: starting with a value of 1.0, multiple realiza-

tions were simulated from the prior parameters and the population

was projected forwards through the time series; the multiplier was

increased until the range of pup production values in the simulations

for each region covered at least twice the range considered by the

observers to be plausible for true pup production. (Larger values of

the multiplier were also tried, and the results were found to be

insensitive to this change, although the computational algorithm

was substantially less efficient.)

The prior distribution for females aged 1 year was derived by

considering the pup survival process:

nr;1;1984eBi nr;0;1984; 0:5ϕp;r;1984

� �
(the value of 0.5 is because only half of the pups are expected to be

female). Similarly, the prior on females aged 2–5 years came from

the adult survival process:

nr;x;1984eBi nr;x−1;1984; 0:5ϕa

� �
x ¼ 2; …5:

Lastly, the prior on females aged age 6+ years came from ‘reversing’

the fecundity process:

nr;6;1984eNb n0;r;1984; α
� �þ n0;r;1984:

The first term, Nb(n0,r,1984,α), represents females that did not give

birth, and the second term, n0,r,1984, represents females that did.

Nb(r,p) denotes a negative binomial distribution, giving the number

of failures before r successes occur, where the probability of success

is p.

2.6 | Model fitting

Fitting Bayesian state–space models of wildlife population dynamics,

such as the one given above, typically relies on computer‐intensive

Monte Carlo simulation procedures (see Chapter 4 in Newman et al.,

2014). Two main approaches are Markov chain Monte Carlo (MCMC)

and particle filtering (also called sequential importance sampling (SIS)

or sequential Monte Carlo (SMC)). There are many variants of both
approaches, and indeed some that combine elements of both. Here, a

modified version of the particle filtering method developed by Liu and

West (2001) was used. Full details and computer code (in American

National Standards Institute (ANSI) standard C for the particle filter

and R for the post‐processing steps) are given in Appendix S1. A

summary is given below; for a non‐technical overview, see Thomas

(2009).

2.6.1 | Particle filter

A particle filter is an algorithm that produces a set of weighted random

samples (particles) from a posterior distribution, in this case a state–

space model. Particles are generated from some initial distribution of

states in the first time period, and are then projected forward stochas-

tically through the time series. The weights relate to the manner in

which the particles were sampled, how they were projected forwards,

and the likelihood of the observed data given the simulated states. In

the algorithm used here, the particles are initially generated by simu-

lating from the prior distributions, and so each start with an equal

weight (i.e. they are equally likely in the absence of any data). They

are projected forwards stochastically according to the population

dynamics model (i.e. by simulating the survival, ageing, and birth pro-

cesses detailed in section 2.3), and at each time point the weight of

each particle is updated by multiplying it by the likelihood of the

observed pup production in that year given the simulated pup produc-

tion (the independent estimate of total population size is dealt with

separately – see below). Hence, particles with simulated parameter

values that produce population trajectories closely matching the

observed pup productions will have high weight at the end of the

simulation, and vice versa. Indeed, it can be shown that the set of

weighted particles form a weighted sample of the posterior distribu-

tion of the states and parameters. Inferences can readily be made from

this weighted sample: for example, to calculate the posterior mean

population size one takes a weighted mean of the population sizes

from the particles.

This is the outline of a basic algorithm called importance sampling.

In practice, however, this is inefficient because the prior distributions

are diffuse relative to the posterior distributions, so almost all the sim-

ulated population trajectories will be far from the observed pup pro-

duction values and therefore have very low weight. Hence,

additional procedures were added to the basic algorithm to improve

the efficiency, as described below.

2.6.2 | Initial rejection control

The aim of this procedure is to weed out at an early stage any sets of

parameter and state combinations that are simulated from the prior

distributions but clearly have very low density in the posterior

distributions, so that the computer time can be focused on areas of

parameter and state space that have higher posterior density. Sets of

1 000 000 particles were simulated from the prior distributions,

projected forwards from 1984 to 1985, and likelihood weights were

calculated based on the 1985 data. Rejection control was then
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applied: this is an algorithm that probabilistically removes particles

with low weight and increases the weight of the particles not removed

to ensure no bias is introduced (Liu, 2001). Here, the mean of the

weights for the the particles was used as the rejection control crite-

rion, resulting in approximately a tenth of the particles being retained.

This process was repeated until there were at least 1 000 000 parti-

cles surviving the initial rejection control stage.
2.6.3 | Auxiliary particle filter with kernel smoothing
of parameters

This procedure (based on an algorithm by Liu and West 2001) is

designed to increase efficiency by projecting forward deterministically

at each time step and preferentially selecting those particles that pro-

duce states close to the observations, before then undertaking the

stochastic projections (that are more computer intensive). Starting in

1985, particles were projected forwards for one time step using

expected outcomes from the population dynamics model rather than

stochastic simulation. Observation weights were then calculated, and

the particles were sampled with replacement (‘resampled’) using these

weights – i.e. particles with high weights could appear multiple times

in the resulting set of particles whereas those with low weights would

tend to disappear. Instead of resampling with probability strictly pro-

portional to the weights, the resampling probability used was propor-

tional to the weights to the power of 0.25. This ‘tempered resampling’

means that the particles become less focused on the current and past

data, and retain more diversity to better cope with future data points

that may not match the current parameter estimates (Liu, 2001). This

helps in the current dataset because later data points, where the

growth trajectory is levelling out, are much more strongly indicative

than early data points that the carrying capacity of pups is lower than

suggested by the priors (in three out of four regions at least).

Resampled copies of the same ancestor particle will have the same

parameter values, so to maintain parameter diversity a second part to

the Liu and West (2001) algorithm involves using kernel smoothing

to jitter (i.e. add small amounts of random noise to) the parameter

values. This can cause bias (Newman, Buckland, Lindley, Thomas, &

Fernández, 2006), so the kernel smoothing was kept to a minimum,

using a discount value of 0.99997 (a value of 1.0 results in no

jittering at all). After kernel smoothing, particles were projected for-

ward stochastically from 1985 to 1986, and weights were adjusted

to take account of the initial resampling. For reasons of numerical

stability, weights were standardized so that their mean was close to

1. This procedure was repeated for all remaining years.
2.6.4 | Final‐year rejection control

After the last year (2010), rejection control was used to reduce the

number of particles to be stored. The rejection control criterion was

100, which reduced the number of particles stored per run from

1 000 000 to around 50 000.
2.6.5 | Multiple runs

The above procedures generated samples based on 1 000 000 parti-

cles (although fewer were stored after the final rejection control);

however, even this many samples gave an imprecise estimate of the

posterior distributions of interest. Hence, multiple runs were used to

reduce Monte Carlo error (i.e. differences in results that would occur

if the simulation procedure was performed again) to negligible levels.

Note that the standardization of the weights was achieved using the

same standardization factors in all runs, so the weights remained com-

parable across runs.

In the results presented here, 4000 runs were used, running in

parallel in batches of 20 on two multiprocessor computers. To reduce

the resulting outputs to a manageable level for post‐processing (i.e.

calculating posterior distributions on quantities of interest), it was

necessary to apply further rejection control, this time using a rejection

control criterion of 1000. This reduced the number of particles stored

by a factor of approximately 10.

2.6.6 | Post‐processing

The particle filter yields a set of weighted samples from the posterior

given pup production data from 1984 to 2010. The first step in post‐

processing these samples was to incorporate the independent esti-

mate of total population size from 2008. This could have been

achieved as part of the particle filtering but that would not have

allowed a comparison of the estimates based on both pup production

and the independent estimate with those based on pup production

alone. To incorporate the independent estimate, the particles were

re‐weighted by multiplying their weights by the likelihood of the

observed estimate (which was assumed to follow a gamma distribution)

given the state value N2008. Summaries of the posterior distributions

of the states (pups and adults) and parameters were then computed,

both with and without the 2008 independent estimate of total

population size.

Although the analysis used purposefully informative prior distribu-

tions on model parameters, it is of interest to know how much the

posterior distribution of the parameters was influenced by the data

and model, and how much by the priors. To this end, the percentage

overlap between the marginal prior and posterior distribution for each

parameter was calculated, as suggested by Garrett and Zeger (2000).

High percentage overlap indicates parameters that are strongly

influenced by the prior, whereas low overlap indicates parameters

strongly influenced by the data and model. Garrett and Zeger

(2000) suggested an ad hoc threshold of 35% in the context of

non‐informative priors. Although the current application is different

from that envisaged by Garrett and Zeger, because the priors are

designed to be informative, this threshold is still useful for evaluating

which parameters are strongly influenced by the informative priors

and which are not.

The population dynamics model is stochastic, in the sense that it

includes demographic stochasticity by allowing survival and reproduc-

tion to be binomial random variables. Demographic stochasticity can
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have a large influence on the population trajectory at small population

sizes (tens of individuals), but given the size of the seal population, the

estimated trajectory is likely to be dominated by the deterministic

component of the model. Hence it is of interest to study the proper-

ties of the model from a deterministic perspective, which allows some

simple mathematical analysis (Caswell, 2001). Specifically, at low pop-

ulation size the population grows exponentially, with the growth rate

(‘intrinsic rate of growth’) given by the dominant eigenvalue of the

Leslie matrix, presented in Equation 2, except with ϕpmax in place of

ϕp,r,t. The age structure (proportion of animals in each age group) is

given by the eigenvector associated with this eigenvalue. As the

population increases, pup survival decreases until the population

reaches carrying capacity (assuming it reaches this limit), where pup

survival, ϕpcc, is given by:

ϕpcc ¼
1 − ϕa

0:5αϕ5
a

: (6)

(This expression is obtained by setting n0,r,t − 1 to χr in Equation 1,

substituting βrχrinto Equation 3, and simplifying.) At carrying capacity,

the growth rate is zero, and the stable age structure is given by the

eigenvector associated with the dominant eigenvalue of the Leslie

matrix with ϕpcc in place of ϕp,r,t. These quantities were calculated

using the posterior mean parameter estimates as the input.

As the fitting method is based on Monte Carlo (MC) simulation, it is

important to evaluate the level of MC error. For equally weighted

samples drawn independently from the posterior distribution, the

MC error is inversely proportional to the number of samples (note that

this is the samples from the posterior simulation, i.e. the particles and
FIGURE 1 Posterior mean estimates of
regional pup production (solid lines) from the
state–space model, with 95% credible
intervals (dashed lines). Thick red lines show
the results from a model fitted to pup
production plus the total population estimate
from 2008; thinner blue lines show the fit to
pup production alone. The two sets of lines
are nearly identical, so the blue lines are partly
hidden. Circles show pup production data
not the sample size of the data). In the case where, as here, the sam-

ples are not equally weighted, the equivalent measure is the effective

sample size (ESS):

ESS ¼ k

1þ CV wð Þ2
;

where k is the number of samples and CV(w) is the coefficient of var-

iation of the weights (Liu, 2001). The samples are not independent,

however, because at the resampling stage of the particle filtering

algorithm the same particle may be resampled multiple times. A

highly conservative measure of ESS is to count multiple copies of

the same particle as one single sample, so that k is the number of

unique ancestral particles. This measure was computed from the pos-

terior sample. As an additional, more direct, check of MC error, the

posterior summary statistics were computed separately for the first

2000 runs of the particle filter and then again for the second 2000

runs, and compared.
3 | RESULTS

3.1 | Input data

The pup production data (circles in Figure 1) showed an increasing

trend of approximately 7% per year in all regions up until the

mid‐1990s. This increase slowed and then stopped quite abruptly in

three out of four regions: Outer Hebrides (with the slow down starting

in the early to mid 1990s), Inner Hebrides (mid 1990s), and Orkney

(early–mid 2000s). Pup production in the fourth region (North Sea)
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continued to grow approximately exponentially. These patterns can be

more readily seen on the log scale (Figure S4). Combining the four

regions (Figure S5), the overall pattern is dominated by the two big-

gest pup production regions (Orkney and Outer Hebrides), showing

an approximately exponential increase up until the mid‐1990s and a

decreasing rate of growth thereafter.

The scaled bootstrap estimates of total population size in 2008 had

a mean of 94 390 and an SD of 9787. This was well approximated by

the fitted right‐shifted gamma distribution (Figure S6), which had a

mean of 94 398 and SD 9788.
FIGURE 2 Posterior mean estimates of adult population size in
annually monitored colonies (solid lines) from the state–space model,
with 95% credible intervals (dashed lines). Thick red lines show results
from a model fitted to pup production plus the total population
estimate from 2008; thinner blue lines show results from fitting to pup
production alone. The circle shows the (scaled) total population
estimate of 2008, with vertical lines indicating the 95% credible
interval on the estimate
3.2 | Population size and trend

Posterior mean estimates of pup production from the state–space

model match the general trajectory in each region quite closely

(Figures 1 and S4). Pup production is estimated to have peaked in

the Outer Hebrides in 1998 before declining slightly and then level-

ling off at the end of the time series. In the Inner Hebrides, pup pro-

duction is estimated to have peaked in 2002 followed by a slight

decline. In Orkney, the peak year is estimated to have been 2007,

with the decline starting thereafter. In the North Sea a near‐

exponential increase is estimated. The fits to pup production data

from models with and without the 2008 independent estimate of

total population size are nearly identical, even in the years around

2008 (Figure 1), indicating that there is little information in the

UK‐wide estimate of total population size to inform region‐level

pup production.

There is some evidence of temporally correlated over‐ or under‐

prediction of pup production, reflecting an inability of the model to

reflect short‐term trends in pup production. For example, in the North

Sea all eight estimates from 2001 to 2008 fall below the posterior

mean (thick line in Figure 1); in Orkney the 13 estimates from 1993

to 2005 are all above the posterior mean.

When the four regions are combined (Figure S5), it is clear that

there is some slowing down in growth rate even from the beginning

of the time series (see bottom panel of Figure S5, which is log scaled),

but that the decrease in growth rate becomes more pronounced

through time.

By contrast with pup production, the estimates of adult (i.e. aged

1+ year) population size are strongly influenced by the single indepen-

dent estimate of total population size (Figure 2). The estimate for

2008 based on pup production data alone is substantially higher than

the independent estimate: posterior mean 124 500 (95% credible

interval (95% CI) 92 600–162 200), compared with an independent

estimate of 94 300 (with results rounded to the nearest 100 seals).

The estimates based on both pup production data and the indepen-

dent estimate are a compromise between the two, and for 2008 is

102 200 (95% CI 87 000–121 600). The precision of the estimates

is considerably improved by adding the 2008 independent estimate

(compare the widths of the credible intervals in Figure 2).

The overall trajectory in adult population size follows that for the

pups, with a gradually decreasing rate of growth (Figures 2 and S7.)
At the region level (Figures S8 and S9), the patterns also mimic those

in pup production, with near‐exponential growth in the North Sea, and

with a peak followed by a slight decline in the other regions. The level-

ling off appears to occur 5 years earlier, however: 1993 in the Outer

Hebrides; 2002 in the Inner Hebrides; and 2007 in Orkney.

One analysis goal is to estimate the population size in the most

recent time period, 2010. The population size of adults associated

with regularly monitored colonies was estimated to be 104 000

(95% CI 88 100–124 100; Table S2). For that year, Duck and Morris

(2011) estimated that 89.53% of pup production took place in regu-

larly monitored colonies. Assuming the ratio of adults to pups at regu-

larly monitored colonies and at other colonies is the same, the total

British population size of adults (seals aged 1+ year) in 2010 was

116 100 (95% CI 98 400–138 600).
3.3 | Parameter estimates

The marginal posterior parameter distributions (Figure 3; Table 1)

were, in general, strongly influenced by the priors. The prior–posterior

overlap was greater than 35% for all parameters except three carrying

capacity parameters (for the Inner Hebrides, the Outer Hebrides, and

Orkney). Nevertheless, posterior parameter distributions were some-

what altered from the priors in many cases.

The posterior mean on adult survival ϕa was higher than the prior

mean (0.95 versus 0.90), whereas that on maximum pup survival ϕpmax

was lower (0.48 versus 0.62). These two parameters were moderately

influenced by the prior distributions (with prior–posterior overlaps of



FIGURE 3 Posterior (histograms) and prior (solid lines) parameter distributions for the state–space model fitted to pup production plus the total
population estimate of 2008. The vertical dashed line shows the posterior mean; its value is also given in the title of each plot below the parameter
name, with the associated standard deviation in parentheses
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35 and 40%, respectively). Looking beyond univariate marginal distri-

butions to the bivariate relationship (Figure S10), ϕa and ϕpmax were

strongly negatively correlated in the posterior distribution (Pearson's

correlation coefficient r = −0.85).

Fecundity, α, was estimated to be higher in the posterior distribu-

tion than in the prior distribution (means 0.90 and 0.83, respectively),

although there was considerable (70%) overlap between the marginal

prior and posterior distributions. All of the information about fecun-

dity came from the independent estimate, as the posterior distribution

with pup production data alone was nearly identical to the prior distri-

bution (Figure S11).
The density dependence shape parameter, ρ, had a lower posterior

than prior mean value (5.95 versus 10.00, respectively): this still

implies a moderately steep drop in pup survival with increasing popu-

lation size (Figure S2). For pup production at capacity parameters, χ,

the posterior distribution for the North Sea was somewhat similar to

the prior distribution (posterior mean 15 500; overlap with prior

77%), and was much higher than the current estimated pup production

(around 8000); for the other regions there was strong evidence that all

three have reached carrying capacity, because the posterior distribu-

tions were centred on values close to the current estimates of pup

production, with low SDs (Table 1) and with low overlap with the
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priors (9–14%). The observation precision parameter ψ was only

moderately altered from the prior (49% overlap), with a similar mean

but a smaller SD.

Lastly, the sex ratio parameter ω was unchanged by the fitting

process (99% prior–posterior overlap), suggesting that there is no

information in the data or model above that provided in the prior

distribution.
3.4 | Eigenanalysis

Using the posterior mean parameter estimates, the intrinsic rate of

population growth was estimated as 7.1% per year, with a stable

age structure comprising 33% pups, 30% adult females aged

1–5 years (non‐breeding), and 37% adult females aged 6+ years (i.e.

breeding age) (Table S3) (adult males do not feature in the Leslie

matrix). At carrying capacity, pup survival declined from the maximum

ϕpmax= 0.48 to ϕpcc= 0.14. The stable age structure at carrying capac-

ity was 41% pups, 12% adult females aged 1–5 years, and 46% adult

females aged 6+ years (i.e. breeding age). Note that the ratio of pups

to breeding females is unchanged (as one would expect in a model

with constant fecundity), but that the proportion of pre‐reproductive

females has declined substantially.
3.5 | Monte Carlo error

In total, 4 × 108 particles were simulated after the initial rejection

control stage, of which 2 × 107 were retained after the final rejection

control. At that stage, the ESS of unique ancestral particles was 1669;

after reweighting according to the independent estimate of total

population size the final ESS was 478.

Dividing the sample of particles in half and recomputing the results

separately for each half indicated that all estimates of posterior mean

and SD values for states and parameters are accurate to at least three

significant figures.
4 | DISCUSSION

4.1 | Population trends

The overall annual population growth is estimated to have slowed

considerably in recent years, going from approximately 6% in

1984–5 to <1% since 2002 (Figure 2; Table S2). The trajectory

varies considerably among the four regions (Figure S8). The Outer

Hebrides, the Inner Hebrides, and Orkney are estimated to have

experienced slowed growth quite suddenly, each in turn, slightly

overshooting the carrying capacity, and then undergoing a small

decline thereafter. By contrast, the North Sea region continued to

grow at a near‐constant rate and by 2010 is estimated to have a

pup production that is approximately half way to carrying capacity

(estimated pup production in 2010 = 8119; posterior mean

χ4=15 500); however, the estimate of pup production at carrying

capacity in the North Sea is understandably imprecise (χ4 95% CI
6976–35 620), and with the posterior distribution quite close to the

(fairly diffuse) prior distribution. This is as expected because it is not

feasible to determine where the asymptote is of a trajectory that

remains strongly in the growth phase. All three of the other regions

saw pup production grow strongly before quickly levelling off, further

emphasizing that one cannot tell whether the North Sea region is

close to carrying capacity or far from it.

In each of the three regions at carrying capacity, adult population

size is estimated to have reached its peak 5 years before pup produc-

tion peaked (cf. Figures 1 and S5). This is because the adult population

as defined here is made up of non‐breeding females (aged 1–5 years)

as well as breeding‐age females (aged 6+ years): as the population size

increases there comes a point at which the survival of pups declines

dramatically (see Figure S2, bottom panel, for values of ρ in the range

5–7), causing a decline in females aged 1 year, and hence a decline in

‘adults’ the following year; however, it will still be five more years

before these females recruit into the breeding population and bring

about a reduction in pup production because their numbers are

smaller than in previous cohorts.

Such delays between density dependence affecting young animals

and the effect becoming evident in the breeding population are well

known to produce damped oscillations and even stable population

cycles under some circumstances (e.g. Turchin, 2003). Here, the

extended Beverton–Holt formulation allows pup production to decline

relatively sharply once the decline starts (posterior mean estimate of

ρ= 5.95; see Figure S2, bottom panel, for the resulting shape of the

density‐dependent function), leading to the estimated overshoot in

both adult population size and pup production: i.e. a damped

oscillation.

It is important to remember that there is no time series of observa-

tions of adult (age 1+ years) population size, and hence the inferences

about density dependence and damped oscillations are heavily reliant

on the model structure. Although the model appears to fit well to both

pup production data and the single independent estimate of total pop-

ulation size, the inference about population processes is still indirect.
4.2 | Historical context and management
applications

The results show that the UK grey seal population has increased con-

tinuously throughout the 25‐year monitoring programme presented

here. This is a continuation of a long‐term pattern of increase since

the first systematic attempts to estimate the UK populations and for-

mal surveys began in the 1960s (Summers, 1978). Indeed, historical

references to very small local populations, and the widespread occu-

pation of many island breeding colonies by farming communities,

means that the current population probably represents the highest

population since the colonization of the Northern and Western Isles

during the Neolithic period. There have been no large‐scale mortality

events of the type seen during the phocine distemper virus (PDV)

epidemics in UK harbour seals, and again, unlike harbour seals, there

have been no regional declines.
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Growth rates have varied across the four regions, with the breed-

ing populations of the Western and Northern isles all apparently at or

approaching the carrying capacities. The population in the North Sea

has continued to grow almost exponentially. Russell et al. (2019) show

that in the later years of the time series this increase is associated with

particularly rapid increases in pup production at sites in the southern

North Sea and mainly at sites on the mainland coast in areas that

would not have been available to grey seals until relatively recently.

Timely estimates of British grey seal population size and trend are

required by NERC to discharge its statutory requirement to advise on

seal management. A standard question to SCOS each year is ‘What are

the latest estimates of the number of seals in UK waters?’ (SCOS

(2017), p. 10). The outputs of the population dynamics model have

other management uses, described briefly here.

Estimated population size is essential for converting diet compo-

sition data to total prey consumption – something of strong interest

in fisheries management. In the UK, population estimates have been

used to estimate consumption to assess the importance of grey seal

predation as a mortality factor in large gadoid stocks (e.g. Cook &

Trijoulet, 2016; Hammond & Wilson, 2016; Smout, Rindorf,

Hammond, Harwood, & Matthiopoulos, 2014; Trijoulet, Holmes, &

Cook, 2017).

Assessing the consequences of removals from a population

requires accurate estimates of total population size as well as esti-

mates of demographic parameters, e.g. grey seals in Scotland are man-

aged on the basis of the potential biological removals (PBR) method

that uses up‐to‐date estimates of the population size and an estimate

of the confidence (or credible) intervals to calculate appropriate max-

imum safe removal levels. The population model described here is also

ideal for the application of more complex management approaches

based on population viability analysis (PVA). In general, the population

model represents the only currently available, non‐lethal method for

estimating population‐wide survival and fecundity rates.

The population models presented here do not differentiate

between subpopulations at the colony level. Grey seals are the pri-

mary reason for the designation of six Special Areas of Conservation

(SACs) encompassed by the four modelled populations. These SACs

consist of either single or small groups of colonies, so at present pup

production estimates are used as the indices for assessing the conser-

vation status at small scales (Russell et al., 2019). Pup production is

more accurately an indicator of population productivity, however,

and could vary significantly with changes in fecundity and/or local

redistribution. Trends in the overall population size are therefore a

more robust and stable indicator of population status, and are required

to provide a context for these shorter‐term production indices.
4.3 | Model adequacy and extensions

As noted earlier, the overall estimated trajectory of pup production in

each region is a good fit to the trends in the data; however, there is

evidence of some temporally correlated over‐ or under‐prediction of

pup production (Figure 1). There is also some evidence of higher
dispersion about the fitted trajectory at higher pup production levels,

especially in the Outer Hebrides. (Note, however, that this is expected

to some extent if the observation model, which specifies a constant

CV on observation error, is correct.) One possible model extension

to account for these issues would be to add a random effect on fecun-

dity, potentially allowing fecundity to follow a random walk reflecting

correlated changes in environmental conditions over time. This could

be specified at the global level, or separately by region, possibly with

a shared fecundity variance parameter. (There is evidence for variation

in fecundity between two intensively sampled colonies in different

regions; Smout, King & Pomeroy, unpubl. data; see also below.)

An alternative would be to specify a random effect on the carrying

capacity, although the variation in pup survival that this would pro-

duce would not lead to strong annual fluctuations in pup production

because recruiting females make up only a small proportion of the

breeding‐age population (Table S3: females aged 5years are around

an order of magnitude fewer than age females aged 6+ years).

The estimated total population size in 2008, based on the popula-

tion model and pup production data, was 32% higher than the inde-

pendent estimate (Figure 2). Two model parameters most directly

translate pup production into total population size: fecundity, α, and

number of adults per female, ω. Fecundity is important because the

number of breeding‐age females (aged 6+ years) is equal to pup pro-

duction divided by fecundity, and breeding‐age females make up over

half the adult female (aged 1+ years) population, even when the pop-

ulation is growing exponentially (Table S3). Adults per adult female is

important as it is a direct multiplier, converting the estimate of adult

females from the state–space model into an estimate of total popula-

tion size. The posterior distribution of both parameters (α and ω) is

strongly influenced by the prior distribution (completely so for ω),

emphasizing the importance of carefully specifying these distributions.

This does not imply that there is no information in the data about

either parameter, rather that given the informative priors used, there

is little additional information above that specified by the prior distri-

bution. Given the model structure, priors, and data, it is not possible

to say which parameter prior(s) might have been mis‐specified to

cause the 32% mismatch, although this could also be a result of sam-

pling error or an unquantified bias in the independent estimate.

The final population estimate is effectively a compromise between

the estimate resulting from the population model informed by model

priors and pup production data, versus the independent estimate of

total population size from 2008. It can be thought of as a weighted

average of the two, with the weighting depending on their relative

precision. The estimate from the population dynamics model is rela-

tively imprecise compared with the independent estimate (compare

the 95% CI widths in Figure 2), and so the final estimate is closer to

the 2008 independent estimate than the estimate from the population

model, although of course the population model provides the trajec-

tory. Changes in model priors could affect this balance: in particular,

the assumptions about the precision of the pup production data can

be expected to affect the precision of the resulting population

estimates greatly. The observation precision parameter ψ is currently

estimated as part of model fitting. This is not ideal, as the observation
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error can be difficult to estimate correctly in state–space models, and

mis‐specification can affect the identification of density dependence

(Knape, 2008). Pup production estimates are currently generated with

estimates of uncertainty at the colony level (Russell et al., 2019), but

as colony estimates share parameters they are not statistically inde-

pendent, making region‐level estimates of uncertainty difficult to com-

pute. This is a topic of future research.

The posterior parameter estimates largely seem biologically plausi-

ble, as one would expect given the use of informative prior distribu-

tions on most parameters. The prior on adult survival has an upper

cut‐off at 0.97, and the posterior has a mode close to this value

(Figure 3). Recent estimates from a long‐term brand re‐sighting study

on Canadian grey seals (den Heyer & Bowen, 2017) are higher than

this cut‐off (0.989 (SE 0.001) for females aged 5–26 years, by the def-

inition of age used in this article, 0.904 (0.004) for ages of 26+ years,

and 0.976 (0.001) overall). It may be necessary, therefore, to alter the

prior distribution in future runs of this model. Any resulting increase

in the posterior distribution of adult survival is likely to be

counterbalanced by a decrease in the estimated maximum pup sur-

vival, as the two are strongly negatively correlated (Figure S10), with

little resulting consequence for estimated population size. This is

exactly the effect shown in a previous analysis (Thomas, 2013), which

found that an unconstrained upper bound on the adult survival prior

produced little change in population size but unrealistic posterior

mean values: high adult survival (0.99) and low maximum pup survival

(0.28). The negative correlation between these two parameters is a

consequence of the fact that only one age class of seal (pups) is

observed in each year; given the assumed population model, the

observed pup production trajectory can be explained by high adult

and low pup survival, or lower adult and higher pup survival.

In the population dynamics model, adult survival, maximum pup

survival, and fecundity are all assumed to be the same across regions

and constant over time. These assumptions may not be appropriate,

but there is little information available at relevant spatial scales to sug-

gest how they may vary over space and time. Regarding variation by

region, Thomas (2013) fitted the model described here independently

to each region (using just pup production data). The posterior distribu-

tions on all three parameters did not vary greatly between regions,

although estimates of maximum pup survival and fecundity were

largely driven by the prior distribution. The estimate of adult popula-

tion size in the North Sea was somewhat higher and in Orkney was

lower than from a global analysis; overall, the total population size

was very similar to the global analysis.

One source of information at the colony level comes from two

breeding colonies, the Isle of May (in the North Sea) and North Rona

(in the Outer Hebrides), that have been intensively studied over many

decades. These studies were used to inform the prior distributions on

the demographic parameters (see Appendix S1). As well as being in dif-

ferent regions, these colonies show markedly differing trends in pup

production: pup production at the Isle of May increased at approxi-

mately 10% per annum before levelling off in the early 2000s, and at

North Rona, pup production peaked in the early 1990s and has since

been declining at approximately 5% per annum (Russell et al., 2019).
Thomas (2013) fitted separate models to these two regions using

priors for fecundity in each region, based on estimated fecundity for

the corresponding intensively studied colony within that region. Pos-

terior distributions on fecundity were very similar to the priors and,

as both had a lower mean than the prior used for the global analysis,

the estimate of regional adult population size was higher (by 10–

15%). The prior distribution on adult survival was extended below

(0.8) the lowest estimates from these colonies (0.871; Smout et al.,

unpubl. data) because the parameter represents survival for the age

class of 1+ years; the mean survival rate of this class may be lower

than that of breeding females estimated for these colonies. Smout

et al. (unpubl. data) found significantly lower adult survival at North

Rona than at the Isle of May (values given inTable S4). Such estimates

could be used to conduct a similar exercise as that described above

using fecundity estimates; however, it is unclear to what degree the

lower survival at North Rona reflects lower survival for the Outer

Hebrides (compared with the North Sea), or is the result of the

higher proportion of older females (compared with the Isle of May)

in the declining North Rona colony. In any case, the sensitivity

analyses performed to date suggest that allowing regional variation

in demographic parameters makes only a small difference to

inferences about population size.

Regarding temporal variation in survival or fecundity parameters,

it seems challenging to allow for trends in these parameters without

more independent information about how they might vary, particu-

larly for α and ϕpmax, which are already strongly informed by their

prior distribution. Evidence is emerging of variation in fecundity

being driven by environmental variation (Smout et al., unpubl. data),

and incorporating such relationships in the model is an area of future

research. It may be realistic to extend the model to allow for a ran-

dom effect on α, although without independent information about

the observation error in pup production, random variation in fecun-

dity and observation error will be strongly confounded, and so diffi-

cult to estimate together. It seems unlikely that random variation in

either parameter will make a substantial difference to the estimate

of population size.

The assumption of constant adult survival across all age groups is

also questionable. Juvenile females (aged 1–5 years) may exhibit

lower survival rates than breeding‐age females (aged 6+ years). Star-

vation is a major cause of mortality for pups once they leave the

beach, but not for adults (Baker, Jepson, Simpson, & Kuikeen,

1998). It seems likely that much of this occurs within the first few

months at‐sea: weaned pups have around a month to develop an

effective foraging strategy before terminal starvation occurs (Ben-

nett, Speakman, Moss, Pomeroy, & Fedak, 2007). Pups appear to

exhibit adult‐like foraging trips within the first 4 months at sea (Car-

ter et al., 2017). Thus, although such individuals may face a degree

of competitive exclusion from the most profitable foraging patches

(Breed, Bowen, & Leonard, 2013), there is no evidence that

starvation‐induced mortality would be higher in juveniles (aged 1–

5 years) compared with adults (aged 6+ years). There is evidence

that juvenile seals may be more susceptaible to disease than adults,

however, as energy is directed to growth at the expense of their
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immune system (Nymo et al., 2013). Conversely, it is also possible

that initial attempts at breeding may lower survival (Smout et al.,

unpubl. data). Senescence (i.e. reduced survival rates of very old

females) is also thought to occur, and an extensive analysis of Cana-

dian data indicated lower survival rates for females aged 25+ years

compared with females aged 4–25 years (den Heyer & Bowen,

2017). Thomas (2015) investigated the effect of introducing senes-

cence into the population dynamics model, by fitting preliminary

data from the Canadian study with a Gomperz–Makeham hazard

function. Almost no difference was found in the resulting population

trajectories. This was attributed to the fact that senescent individ-

uals make up a very small proportion of the adult breeding popula-

tion. Currently, there is no basis for which to make juvenile

survival different from adult survival, and in any case such a change

would have little impact on population estimates, because of the

negative correlation between pup and adult survival.

Age at first reproduction was assumed fixed in the model at

6 years, with fecundity assumed constant after that age. In practice,

age at first reproduction appears to be variable, with a small propor-

tion of females breeding at younger ages (e.g. Harwood & Prime,

1978), and with other females breeding at older ages (Pomeroy,

Smout, Moss, Twiss, & King, 2010). This is readily incorporated into

the population dynamics model, as demonstrated by Thomas,

Hammill, and Bowen (2011), who modelled the population dynamics

of Canadian grey seals and included an age‐specific fecundity param-

eter based on an analysis of pregnancy rates in a sample of shot

seals. There is some evidence that that age at recruitment may

increase in a density‐dependent manner; Bowen, Iverson, McMillan,

and Boness (2006) have found that age at recruitment has increased

by approximately 1 year over a 15‐year period. It is unlikely that

including such detail, rather than the current single average fecun-

dity parameter, will have a significant effect on the estimate of pop-

ulation size.

The prior distribution on adult survival and fecundity implies a

prior mean on pup survival at carrying capacity (ϕpcc in Equation 6)

of 0.42. The posterior distribution on adult survival and fecundity

are both higher than the priors (Figure 3), resulting in a lower poste-

rior mean ϕpcc of 0.14 (95% CI 0.08–0.26). This level of pup mortal-

ity is high, but may be plausible given the evidence for high levels of

starvation in pups after weaning (Baker et al., 1998).

The population dynamics model specified here assumes that den-

sity dependence operates by reducing pup survival. Alternatively, or

in addition, density dependence could arise through an increase in

age at first reproduction (see above), a decline in fecundity rate of

breeding‐age females, or a decline in adult survival. As with all

long‐lived species, the population growth rate is most sensitive to

changes in adult survival, in the sense that a given absolute decrease

in adult survival produces a greater reduction in the growth rate

than the same decrease in fecundity or pup survival (Turchin,

2003). Harwood and Prime (1978) demonstrated this for the grey

seal population. Nevertheless, both theoretical and practical consid-

erations mean that adult survival is likely to be the last demographic

parameter to be affected by density‐related intraspecific competition
(see, for example, Bonenfant et al., 2009). Harwood and Prime

(1978) considered the various mechanisms by which density depen-

dence could operate on demographic parameters and concluded that

the most likely was a decline in pup survival as a result of over-

crowding in the breeding colonies; however, Twiss, Duck, and

Pomeroy (2003) found that pre‐weaning pup mortality was not

related to measures of density within the colony at North Rona.

Russell et al. (2019) consider evidence from more recent studies

and concur that pup survival is likely to be the primary target of

density dependence; they provide suggestions as to further mecha-

nisms operating in the first year of life and suggest that density

dependence is likely to operate at sea.

Density dependence operating through fecundity has been con-

sidered as an alternative model for the British grey seal population

(Thomas, 2010; Thomas & Harwood, 2008). Estimated adult popula-

tion size from the state–space model is approximately twice as large

under this model than a density‐dependent pup survival model,

because density dependence causes fecundity to decline to a low

level at carrying capacity, and the population of adults aged 6+ years

is given by pup production divided by fecundity. Instead of the pop-

ulation at carrying capacity being composed of a large number of

pups that fail to survive their first year, it is composed of a large

number of females aged 6+ years who fail to reproduce. The trajec-

tory of pup numbers at the region level is similar from density‐

dependent survival and density‐dependent fecundity models

(Thomas, 2010), but nonetheless the survival model was favoured

when posterior model probabilities were computed, based on pup

production data alone. When the independent estimate of total pop-

ulation size was introduced, the density‐dependent survival model

was favoured even more strongly because the density‐dependent

fecundity model produced total population estimates that were far

higher than the independent estimate. Further support comes from

Smout et al. (unpubl. data), who found similar estimates of fecundity

at the two intensively studied colonies with contrasting pup produc-

tion trajectories: declining at North Rona and increasing at the Isle of

May (Table S5).

The sex ratio parameter (number of adults per female, ω) is

assumed constant between regions and over time. One way this

could change is if density dependence operates differentially on dif-

ferent components of the population so that the survival of male

pups changes with increasing population size at a different rate from

the survival of female pups. Carter et al. (2017) found sex‐specific

differences in foraging strategies which differed by region. The drive

to become a competitive adult male, rather than just survive, may

result in an increasingly risky foraging strategy as population size

increases and resources become limiting. This would cause ω to vary

depending on population size.

An alternative to including adult males via the sex ratio parame-

ter is to explicitly model their numbers as hidden states in the state–

space model, in the same way that females are modelled. The sex

ratio parameter would then be replaced by a parameter for adult

male survival. This would allow external information about the male

survival rate or age structure to be incorporated more directly, but
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has the disadvantage that the fitting algorithm would need to track

six more states per region and year (assuming males aged 1–6+ years

are tracked), increasing the computational burden.

The current model assumes all females breed in the region where

they were born. The available evidence suggests that, for the most

part, once recruited into a breeding colony, females remain faithful

to it (Pomeroy, Twiss, & Redman, 2000). Grey seals also exhibit a

degree of natal philopatry, recruiting into the breeding population in

which they were born; however, at least within a region, substantial

dispersal into other breeding colonies would be required to explain

the local trends in pup production (Gaggiotti et al., 2002; Russell

et al., 2019). Indeed, the North Sea consists of two geographically dis-

tinct groups of colonies, and in recent years the increase in pup pro-

duction in the southern group could only be explained by the

recruitment of females born further north. Although there is evidence

for recruitment of grey seals, born in the study area, into continental

Europe (Brasseur et al., 2015), the loss to the UK grey seal pup

population would be negligible. There is no direct evidence of the

movement of females between the regions considered here, but it is

possible that southwards movement of recruiting females may have

contributed to the sharp slow‐down in pup production in Orkney

and the continued increase in the North Sea region.

A model allowing the movement of recruiting females between

regions has already been developed for the British seal population

and fitted to pup production data (Thomas et al., 2005; Thomas &

Harwood, 2003). The model was based on a hypothesis of density‐

dependent dispersal (Ruxton & Rohani, 1998) and evidence for this

in grey seals at the colony level (Gaggiotti et al., 2002). The model

allowed recruiting females to move away from their natal region

(after which they were again fixed), with movement probabilities

proportional to the distance between target and natal regions and

the difference in expected pup survival between target and natal

regions. Tendency to remain in the natal region was represented in

the model as a site fidelity parameter. Later research (e.g. Thomas

& Harwood, 2009) found that this model had lower posterior model

probability than models without movement, but it would be worth

re‐visiting the movement models in light of more recent data, and

also re‐considering the prior distributions placed on movement

model parameters. Preliminary work using a Europe‐wide dataset

did support a movement model at that level (Russell, Hanson, &

Thomas, 2016).
4.4 | Fitting algorithm

The particle filtering algorithm implemented here is generally applica-

ble to other models of wildlife population dynamics. All that is

required to implement a new model is to be able to simulate from

the prior distributions of model parameters and initial states, to pro-

ject the simulations forward stochastically in time, and to evaluate

the likelihood of observations given the population values. This

ready ability to adapt the algorithm to diverse models has been

termed ‘plug and play’ (He, Ionides, & King, 2010).
The algorithm used in this article is based on the auxiliary particle

filter of Liu and West (2001). This is designed to maintain the ‘plug

and play’ nature of the algorithm, while coping with the fact that the

state–space model contains a number of time‐invariant parameters

(ϕa,ϕpmax, α, etc.), which makes many particle filtering algorithms fail.

A disadvantage of the Liu and West (2001) algorithm is that it pro-

duces biased estimates of the posterior distribution (Newman et al.,

2006). This bias can be minimized by the appropriate selection of a

tuning parameter (see section 2.6.1), at the expense of additional com-

putational effort. For the runs in this article, the tuning parameter was

set conservatively and so the bias is likely to be negligible, although

the computational effort was high.

One downside, therefore, of the algorithm is that it is computer‐

intensive: the runs reported here took approximately 3 days to com-

plete, running as 20 parallel processes. One alternative is to use a

MCMC algorithm, for which software exists that allows the analyst

to specify the statistical model and leave details of the algorithm

implementation up to the software. Giminez et al. (2008) provide an

introduction, focusing on the BUGS software, that includes a

state–space population dynamics model example; some more recently

developed software is described by Goudie, Turner, De Angelis, and

Thomas (2017).

Although off‐the‐shelf MCMC software will work well for some

state–space population models, the currently available software per-

forms poorly for the seal model because of the model structure. The

fact that only the most junior age class is observed induces strong

correlations among all other age classes and across time, making the

efficient sampling of the posterior state distributions difficult with

standard MCMC approaches. Newman et al. (2006) developed a cus-

tom MCMC algorithm, which was relatively efficient but was highly

tuned to the seal model. They compared it with the particle filtering

algorithm applied to the same problem and found that although the

particle filter was somewhat slower, the ease with which new models

could be implemented meant that it would be preferred in situations

where the ability to readily explore new models was desirable.

As noted earlier, the development of efficient and general algo-

rithms applicable to this type of model is an active area of research (e.

g. Doucet & Lee, 2018; Kantas, Singh, Maciejowski, & Chopin, 2015).

In addition, computer hardware continues to improve in speed, and par-

allel processing architectures, for which particle filtering algorithms are

particularly well suited, become increasingly accessible (e.g. Mingas,

Bottolo, & Bouganis, 2017). Extensions to the population model that

are currently computationally difficult (such as implementation of a ran-

dom effect on carrying capacity) will soon be entirely feasible.

An alternative model fitting approach was developed by Lonergan,

Thompson, Thomas and Duck (2011). Demographic parameters were

estimated by finding key summary statistics that could be obtained

from the pup production data (e.g. maximum rate of increase) and

using approximate Bayesian computation to match the summary sta-

tistics to the data. Although the method involves approximating the

full population model, it has the strong advantage of being much less

computationally intensive, and is therefore useful for exploratory anal-

ysis and for larger datasets.
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5 | CONCLUSION

By constructing a plausible population model for British grey seals

based on the data available at the time, Harwood and Prime (1978)

concluded that, although the population was growing exponentially

at about 7% per year, one could estimate the total population size

by multiplying the measured pup production by 4 (their Figure 6; note

that the total population size in that article included pups). They fur-

ther argued that density dependence would operate by reducing pup

survival, and that in this case, the multiplier would go down to 3 as

the population growth rate approached zero. Forty years later, we

have the benefit of much more information about the demographic

parameters, an observed levelling‐off of pup production, an indepen-

dent estimate of population size, and more sophisticated modelling

techniques. The analysis presented here suggests that the appropriate

multiplier for the period of near‐exponential growth in the 1980s was

approximately 4.5 (e.g. for 1984, the posterior mean adult population

size associated with regularly monitored colonies was 53 000, and pup

production was 14 992, so the multiplier is (53 000 + 14 992)/14 992).

For the three regions that are now close to carrying capacity (although

a stable age structure is not yet likely to have been reached), the

multiplier is approximately 3.4 (e.g. for 2010, Inner Hebrides

(7400 + 3108)/3108 = 3.4; Outer Hebrides (28 300 + 11 831)/

11 831 = 3.4; Orkney (43 100 + 18 582)/18 582 = 3.3). To a close

approximation, Harwood and Prime (1978) were right.
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